wADRIVIUM

THE FOUR CLASSICAL LIBERAL ARIS OF
NUMBER, GEOMETRY, MUSIC, & COSMOLOGY

r y
%
fa't




wADRIVIUM

THE FOUR CLASSICAL LIBERAL ARIS OF
NUMBER, GEOMETRY, MUSIC, & COSMOLOGY

r y
%
fa't







QUADRIVIUM



Colleczion n-u'p'rn:ll: B s |15|' Woedes Books Lid

Seerrd Number rupj'rig'l'll.ﬂml,hy Miranda Lunﬂ:.l
Kured Ciramrtry I.1.I-F-:|ll'i=|'lt=.l.l:ll:ll. I:'rMm.l.:Ell._JrF
ﬁllﬁ&iﬂﬂnnﬂmmw{mhh‘ﬂmd Sastion
Hirmaxogragh Lupj'rightﬁmthy H.nllmn'r Akinn
Thv Elnrus ql'llrhn:l: rn-p'r:i.ﬂutaulﬂh'rfm Marimeaii
A Ll Bank !r\':n'n.l.lirrur :n|:l:|lr|.=|'|.l::4.|.u:|| Lyjuhn Martinca
hmn&:yugn&lm Mﬂnﬂ'ﬁnymﬂnﬂlﬂ:y Danid Suttan

All rights rruerved. Mo pam o thin bock may b used 4w rrpr'.'d.urn:'l i= auy manner

whamwever witlies wrsicn Fermiainn fram the P:H.l:hn: sxteptin the caar of
|:|riv:F|.||.ruI:tim:|.|: embodicd in eriteal artscdkes or pevicwn, Foe infoemation 'Pl-r.u:

ardirens Wooden Booka Lid, Red Brck H-I.l.luml.'jullmhm:r HAs oFT.
!'Hnwﬁulmh r:Hllhv:ﬂ FLLETT
in the UK hy‘l‘m&nlﬂuhhl‘l.ﬂl:ﬂnﬁtu]l
and in the UEI:,: Elnum.ﬁl.lrr USA, Mew Yok,
This eBuuk venion F&‘.I.I]'i:dl'ﬂtl:l.'lrl.l.
ACIP ﬂ:lu|n|1.||.' resird fut thubuukulﬂi]ﬂrfml!l:ﬂrlhhlil:mj.
chouk 15B3: o8- i-gi36-14-1
Wi Waooden Books” cxeellent web nite b nrwwwoodenbookecom

Dtnrn:d and by peuct |:|:,' Wowden ok Led, ﬂlutﬂnhury. UK
cHeck cumvenion er The=Buik :F.1r|l:r.|||||:|.

WailDEN
RATKE



QUADRIVIUM

THE FOUR CLASSICAL LIBERAL ARTS OF
NUMBER, GEOMETRY, MUSIC, & COSMOLOGY

...3 B L OO M S B U R 5 hﬂﬁﬂEi;
MUW ETILL « LA (R PTIRS © B BELHI - SRy Iﬂ.nﬂﬂ-:‘



"The .II;II:I'L!II'L'J btk da dfie g,
the Ohie gived birdk i e T,
the T giiees Daberke o oihe T,
the Theree prises Wonty ro the Tes Thaiiand Theings,”

Lav Txu fdos-s3enc)



CONTENTS

Editor’s Preface 1

Foreword 3
Kaith Critchlow

Booik ¢ Sacred Number 7
Miranda Lundy

Bowke 1t Sacred Geometry 59
Miranda Londy

Book iir Matonic & Archimedean Solids 127
Diaud Switon

Book 1v Harmonograph 181
Anthony Asfon

Bovk v The Elements of Music 237

Jesen Martinea

Book v1 A Little Book of Coincidence 201
et Martineae

Appendices & Index 155



11:.*_, Y Jﬂ\ rnff

...u-w ‘I-.

'ﬁr_ﬁrmhimmmdmﬂrmmlnuﬂunllnir rﬁ.."I;_'l.l.lln:r'hn.' .'1!1.I|||n.r|'|::|::lﬂ|:lll:|'i'_|. Caromplry
{lop nf;l'l.lj..“lui |'|'w|'lm liﬂ-ﬂ.nﬂldlfrmw { hatéran .rg.ln_l Frow the Miurgerita I'l'l.'l':llpﬁ:m.
.‘l'l'rll.l'm:. Carrmuny, 45, I'r'l:.ﬂ:g.rﬂnulrlr.uif-ls:jf. Eﬂ.m'u]rgr.'.hr Harkey Irnidtale, Lonsdou,



EDITOR'S PREFACE

HE VOLUME YOU ARE HOLDING is a treasure chest of old, once secret,

and always useful things. It is immortal—it will never go out of
date. And it is universal—a magical passport between cultures, sacred
and scientific, provincial and foreign, ancient and modern.

Six books from the Wooden Books series have been combined to
produce Quadrivium, plus 32 new pages for good measure. Geometry
and music are each covered as two books, hence the six. We have
tried to minimize repetition due to overlap in the original books but
few instances remain here and there. Also, since this is a transaclanic
edition, we have opted for a mixture of English and American spelling
and punctuation. If this upsets some readers, we apologize.

A volume of this scope involves bringing together many people.
Thanks to Sally Pucill, Richard Henry, Adam Tetlow, John Michell,
John Neal, Dr Paul Marchant, Robin Heath, David Wade, Dr Khaled
Azzam, Malcolm Stewart, Polly Napper, Geoft Stray, Dr Moff
Betts, Prof Scott Olsen, Richard Heath, Mart Tweed, Mark Mills,
Prof Robert Temple, Stephen Parsons, Nathan Williams and Tracey
Robinson for their help and contributions.

Thanks to the additional Wooden Books series editars, Georpe
Gibson of Walker & Bloomsbury in New York, and Daud Sutton in
Cairo. Thanks finally to Prof Keith Critchlow for the foreword, and o
the authors themselves, Miranda Lundy, Daud Surton, my grandfacher
Anthony Ashton, and Dr Jason Martineau in Berkeley.

Joln Martisean
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FOREWORD

LEMENTS OF THE (uaprivium were taught by Pythagoras as the
Tetraktys around jooec, in a community where all were equal,
materially and morally, including women and men. A thousand years
later, Boethius and the early European schools which followed began to
hone education down to seven essential subjects—the seven liberal arts,
The word ‘education’ comes from the Latin educere meaning ‘to
lead out’, pointing to the central doctrine that Socrates, under Plato's
pen, elucidated so dearly—Knowledge is an inherent and intrinsic
part of our soul structure. The Trivium of language is structured on
the cardinal and objective values of Truth, Beauty and Goodness. les
three subjects are Gramnu, that ensures the good structure of language,
Lagic for finding truth, and Rhetoric for the beautiful use of language
in expressing truth. The Quadriviin arises out of the most revered of
all subjects available to the human mind—Number. The first of these
disciplines we call Arithmetic, the second is Geometry or the order of
space as Number in Space, the third is Harmeny which for Plato meant
Number in Time, and the fourth is Asironomy, or Number in Space
and Time. All these studies offer a safe and reliable ladder to reach the
simultaneous values of the True, the Good, and the Beauriful. Thisin
turn leads to the essential harmonious value of Whaleness.

Our soul, which is proven to be immortal by Socrates in the
Phaeds, comes from a position of complete knowledge prior to being
born into the body. Re-membering—the point of education—
literally means putting the separate members back into a wholeness.



The goal of studying these subjects was to climb back {up) to Unity
through simplification based on the understanding gained by engaging
in each area of the Quadrivium. The goal lay in finding their source
(ceaditionally this was the sole purpose of the search for knowledge).

In his discussions on the ideals of educarion, Socrates reveals his
model of the continuity of consciousness. This was as a ‘line’ drawn
vertically reaching from the beginnings of conscious knowledge in
Estimations right up to the climax of consciousness as Noesis, which is
Unified Understanding. Beyond this is the indescribable and ineffable,
There are, significantly, four stages (another Quadrivium or Tetrakrys)
given by Socrates’ division of the "Ontological line’. The first and
fundamental division is between the Inrelligible and Sensory world,
berween Mind and Marter. Mext, each of these is divided, Estimations
from Opinions. In the sensory world even correct opinions are still
based on sensory experience, while above the first divided line, in the
Intelligible world of the Mind we find ourselves in the ‘truth-bearing’
realm of the Quadrivium, true and objective knowledge. The final
topmost division of the intelligible is Nows or Pure Knowledge itself
where the knower, the known, and the knowing become One. This is
the goal and source of all knowledge. Thus, rime and wisdom tested,
the Quadrivium offers the sincere seeker the opportunity to regain
their own inner understanding of the integral nature of the universe,
with themselves as an inseparable part.

Turning now to the ‘four ways' in more detail, Arithmetic has
three levels: the materially Numbered; Mathematicians' Number
[indefinite); and Ideal or Archetypal Number [complete at 1a).



Geometry unfolds in four stages: the non-dimensional point; which
moves to become a line; which in turn moves to become a plane;
finally achieving solidity as the tetrahedron. Harmony {the nature
of the Soul) displays four musical *scales’, the pentatonic, diatonic,
chromatic, and shruti. Finally we come to the Cosmos, a word
originated by Pythagoras, meaning ‘order’ and ‘adornment’. The
Pythagoreans viewed the visible heavens as an ‘adornment’ of pure
principles, the number of visible planets relating to the principles of
proportional harmony. The study of the perfection of the heavens
was a way of perfecting the movements of one’s own soul.

Students of the Quadriviom have included: Cassiodorus,
Philolaus, Timaeus, Archytus, Plato, Aristotle, Endemus, Euclid,
Cicero, Philo the Jew, Nichomachus, St. Clement of Alexandria,
St. Origen, Plotinus, lamblichus, Macrobius, Boethius, Capella,
Dionysius the Areopagite, Bede, Alcuin, Al-Khwarizmi, Al-Kindi,
Eriugena, Gerbert d'Aurillac, the Brethren of Purity, Fulbert, Ibn
Sina [Avicenna), Hugo of St. Victor, Bernardus Silvestris, Bernard of
Clairvaux, Hildegard of Bingen, Alanus ab Insulis, Joachim of Fiore,
Ibn Arabi, Grosseteste (the great English scientist), Roger Bacon,
Thomas Aquinas, Dante, and Kepler.

We finish with two quotes. The first is from the Pythagoreans [via
the Crolden Verses): "AND THOU SHALT EMOW THAT LAW ... ESTABLISHED
THE INKER MATURE OF ALL THINGS ALIKE . The second is from lamblichus:
"MNoT FOR YOUR SAKE WAS THE WORLD (COSMOS) GENERATED—BUT ¥OU
WERE BORN FOR ITS SAKE.”

Keaith Critchilour
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SACRED
NUMBER

The Secret Qualities of Quantities

Miranda Lundy

atith additional material by Adam Tetlom & Richard Henry



The Srvem Litwra! Ar, Salchiry, congia. I ar debipdifhl pictmee, tlee Tivntvne ke dhrer

Litvra Arir comeresmd with bompuege— G, Rivtare, and Lagee | puld Theolgy, m 2

ﬂﬁdjhuﬁ*nqﬂﬂﬁ;ﬁ:@dﬁfﬂﬂﬁrﬁhﬁmﬁhﬂmﬂﬂ
i e A iomeiiz, Crewiry, Hermuony, and Asirovorey .



INTRODUCTION

WH.'LT s umeer? How do we distinguish the one from the many, or
the two from the three? A crow, disturbed by four men with guns
going to hide under its tree, will By away and carefully count them home
again from a distance, one by one, tired and hungry, before returning
safely to its nest. But five? Crows lose count at five.

We all know certain things about certain mumbers: six circles fit
around one, there are seven notes in a scale, we count in tens, three
legs make a stool, five petals form a flower. Some of these elementary
discoveries are actually the first universal rruths we ever come across, so
simple we forget about them. Children on distant planets are probably
having the same experiences of these elementary quanta.

The science and study of number is one of the oldest on Earth,
its origins lost in the mists of time. Early cultures wrote numbers
in pottery markings, weaving patterns, notched bones, knots, stone
monuments, and the numbers of their gods. Later systems integrated
the mysteries under the magical medieval Quadriviom of arithmetic,
geometry, music, and astronomy—the four liberal ares required for a
true understanding of the qualities of number.

All science has its origin in magic, and in the ancient schools na
magician was unschooled in the power of number. These days the lore
of sacred number has been usurped by a tide of quantitative numbers,
not covered in these pages. Book 1of Quadrivium is a beginner's guide
to mystic arithmology, a small attempe to unveil some of the many
secret and essential qualities of number contained within Unity.

SucpEn MOMEER  IT



THE MONAD

one unity

Unrry. The One. God. The Great Spirit. Mirror of wonders. The
still eternity. Permanence. There are countless names for it.

According to one perspective, one cannot actually speak of the
One, because to speak of it is to make an object of it, implying
separation from it, so misrepresenting the essence of Oneness from
the start, a mysterious conundrum.

The One is che limit of all, fiese before the beginning and last
after the end, alpha and omega, the mold that shapes all things and the
one thing shaped by all molds, the origin from which the universe
emerges, the universe itself, and the center to which it returns. It is
point, sced, and destination.

One is echoed in all things and treats all equally. Its stability
among numbers is unique, one remaining one when multiplied or
divided by itself, and one of anything is uniquely that one thing.

All things are immersed in the shoreless ocean of Unity. The
quality of eneness permeates everything, and while there is nothing
without it, there is also no thing within it, as even a communication
or idea requires parts in relationship. Like light from the Sun or gentle
rain, the One is traditionally perceived as unconditional in its love,
vet its majesty and myseery remain veiled, and beyond apprehension,
for the One can only be understood by itself. As such, One is always
alone, all one, and no thing can exist to describe it.

One is simultaneously circle, center, and the purest tone.

12 hAcRED MUosiis
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DUALITY
apposites

There are two sides to every coin, and the other side is where the
Dryad lives. Two is the otherworldly shadow, opposite, polarized, and
ohjectified. 1t is there, other, that not this, and essential as a basis for
comparison, the method by which our minds know things. There are
countless names for the divine pair.

Ta the Pythagoreans, two was the first sexed number, even and
female. To develop their appeeciation of twoness, they contemplated
pairs of pure opposites, such as limited-unlimited, odd-even, one-many,
right-left, male-female, resting-moving, and straight-curved. We might
alsa think of the in-and-out of our breathing, positive and negative
charges in electromagnetism, and real and imaginary numbers.

The dyad appears in music as the ratio two to one, as we experience
a similar tone an octave higher or lower, at rwice or half the pitch. In
geometry it is a line, two points, or two circles.

Linguistically when speaking of both parts of something working as
one we use the bi- prefix, as in bicycle or binary, but when the divisive
quality of ewo is invoked, words begin with the prefix di-, thus discord
or diversion. The distinction between self and not-self is one of the first
and last we generally make.

Modern philosophers, when they consider twoness, can get litele
further than the ancients. All experience a left and a right, front
and back, and up and down through two eyes and two ears. Men
and women alike live under a Sun and a Moon, only occasionally
remembering how miraculously balanced they seem, the same size in

the sky, one shining by day, the other by night.

1§ haceps Mosis
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THREE

15 11 crowd

Male in some culeures, female in athers, three, like a tree, bridges heaven
and earth. The Triad relates opposites as their comixture, solution, or
mediator. The synthesis or return to unity after the division of two, it
is also traditionally the first odd number.

The third leg of a stoal gives it balance, the third strand of a braid
makes a plaic (knots can only be tied in three-dimensional space).
Stories, fairy tales, and spiritual traditions abound with portentons
threes, juggling past, present, and future with the knower, knowing,
and the known. As birth, life, and death, the triad appears throughout
nature, in principle and form. The triangle, trinity’s most simple and
structural device, is the first stable polygon, and defines the first surface.

In music the ratios 3:2 and 1:1 define the intervals of the fifth and
its octave, the most beautiful harmonies other than the octave itself,
and the key to all ancient tunings. Three is the first triangular number.

The vesica piscis formed by two overlapping circles (spposite tap left)
immediately invokes triangles. An equilateral triangle in a circle defines
the octave as its circumcircle is twice the diameter of is incirele (befou lef),
and the area of the ring here is three times that of the incircle. Below
center we see Archimedes' [287-2128c| favourite discovery—the volumes
of the cone, sphere, and drum are in the ratios one to twa o three.

i Sares Musis






QUATERNITY

fop pm'rs

Beyond three we enter the realm of manifestation. Four is the first born
thing, the first product of pracreation, two twos. The Tetrad is thus
the first square number (other than one), and a symbel of the Earth and
the natural world.

Four is the basis of three-dimensional space. The simple solid
known as the tetrabedron, or ‘four facer’, is made of four triangles, or
four points or spheres and is as fundamental to the structure of three-
dimensional space as the triangle is to the plane.

Four is often associated with the material modes of manifestation,
Fire, Air, Earcth, and Water, and a square around a circle defines a
heavenly ring whose area is equal to the enclosed circle fapposite tap right).
The salstices and equinoxes quarter the year, horses walk on four legs,
and other earthly fours abound.

Four as static square is echoed by the dynamic cross. The interplay of
cross and square is encoded within the traditional rite of orientation for a
new building, where the sunrise and sunset shadows from a ceneral pillar
give the symbalic east-west axis. The principle of quadrature is universal,
appearing in ancient Chinese texts and the writings of Vitruvius. It
survives today in the term guariers, referring to the districts of a city.

All everyday matter is appropriately made of just four particles:
protons, neutrons, electrons, and neutrinos.

Four appears in music as the third overtone, 4:1, which is two
octaves, and also as the rario 4:3, known as the fourth, which is che

complement of the fifth inside the octave.

il Sarep Musis
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PHIVE
life itself

The quality of five is magical. Children instinctively draw fivefold
stars, and we all sense its phizzy, energetic qualiey.

Five marries male and female—as two and three in some culrures, or
three and two in others—and so is the universal number of reproduction
and hiological life. A Fibonacci number, it is also the number of water,
every molecule of which is a corner of a pentagon. Water itself is an
ammazing liquid cryseal lattice of exing icosahedra, these being one of the
frve Platonic solids (helose, second from right), five triangles meeting at each
paint. As such, water shows its quality as being that of flow, dynamism,
and life. Dry things are either dead ar they are awaiting water.

Fives are found in apples, flowers, hands, and feet. Our nearest
planet, Venus, goddess of love and beauty, draws a lovely fivefold
pattern abour Earth as she whirls around the Sun (apposite fop leff).

Our most universal scale, the pentatonic, is made of five tones (the
black keys on a piano), grouped into two and three. Pure harmonic
intervals involving the number five, like the major and minor thirds,
5:4 and 6:5, are found in Just Intonation, e.g. in classical Indian tuning.

Five is the diagonal of a three-by-four receangle. However, unlike
threes and fours, fives disdain the plane, waiting for the third dimension
to fit together to produce the fifth element.

ARG S

By hareen Muosiie






ALL THINGS SIXY

the hex

The Hexad, like its graceful herald the snowflake, brings perfection,
structure, and order. The marriage by multiplication of two and three,
even and odd, six is also the number of ereation, with a cosmos made
in six days a common theme in scripture.

The whole numbers that divide other numbers are known as their

facters, and most numbers have factors that sum to less than themselves,

and so are known as deficient. Six, beautifully, is the sum and product
of the first three numbers, and its factors are also just one, two, and
three, these summing to six and so making it the first perfect number.

The radius of a circle can be swung through its circumference in
exactly six identical arcs to inscribe a regular hexagon, and six circles
perfectly fit around one. After the triangle and square the hexagon is
the final regular polygon that can tile perfectly with identical copies of
itself to fill the plane.

The three dimensions make for six directions: forward, backward,
left, right, up, and down, and these are embodied in the six faces of 2
cube, the six corners of an octahedron, and the six edges of a tetrahedron.
Six occurs widely in crystalline struceures such as snowflakes, quartz,
and graphite, and hexagons of carbon atoms form the basis of organic
chemistry. Just add water.

The well-known 3-g-5 Pythagorean triangle has an area and 2
semiperimeter of six. Six is also the pentatonic octave in music.

Insects creep and crawl on six legs, and the honey bee arranges its
dry, waxy secretions into an instinctive hexagonal honeycomb.

33 Naceen Mosiies






THE HEPTAD

seven sisfers

Seven is the Virgin, standing quite alone and having little to do with
any of the other simple numbers. In music, a scale of seven tones the
white keys on a piano) emerges as naturally as its sister five-tone scale,
and there are also seven related classical modes. Like all numbers, seven
embodies the number preceeding it; sparially it funcrions as the spirirual
center of six, as six directions emanate from a point in space, and six
working circles surround a seventh restful one in a plane,

The Moon's phases are widely counted in four sevens, with a
miysterious moonless night or two completing its true cycle.

Our eyes perceive three primary colours of lighe—red, green and
blue—which combine to produce four more—yellow, cyan, magenta
and white. According to the ancient Indians, a vertical rainbow of
seven sabtle energy centers, or ‘chakras’, runs up our bodies. Today we
understand these as the seven endocrine glands,

The seven planets of antiquity, arranged in order of their apparent
speed (opposite, upper center), make amazing connections with metals
(apposite, upper lefi) and the days of the week [apposite, upper right):
Moon-J-silver-Menday, Mercury-0-quicksilver-Wednesday, Venus-
Y-copper-Friday, Sun-()-gold-Sunday, Mars-&-iron-Tuesday,
Jupiter-4-tin-Thursday, and Saturn-Y-lead-Sarurday (see too page 705).

There are seven frieze symmetries, seven groups of crystal
structures, and seven coils in the traditional labyrinch {all shown opposiie).

1§ ackEb Musiss
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EIGHT

a pair of squares

Eight is two times two times two, and as soch i the firse cubic number
after one. As the number of vertices of a cube or faces of its dual, the
octahedron, eight is complete. At the molecular level this is displayed
by atoms, which prefer to have a full octave of eight electrons in their
outermost shell. A sulphur atom has six electrons in its outermost shell,
so eight atoms get together to share electrons, forming an octagonal
sulphur ring. Eight is also the next Fibonacci number after five,

Within architecture the octagon often signifies the transition
between Heaven and Earth, as a bridge between the square and the
circle. A spherical dome often surmounts a cubic structure by way of a
beautiful octagonal vault.

Eight is particularly revered in the religion and mythology of
the orient. T he ancient Chinese oracle, the I-Ching, is based on
combinations of eight srigrams, each the result of a twofold choice
between a broken (yin) or an unbroken (yang) line, made three times,
Depicted opposite is the 'Former Heaven Sequence’, said to represent
the ideal pattern of transformations in the cosmos. Note how each
trigram is the complement of its opposite. Echoing these ancient
Chinese pairs, the modern world is full of computers which think in
units called ‘bytes, each made of eight binary "bits'

In a seven-tone scale the eighth note is the octave, twice the pitch
of the first note, and so signals the movement to 2 new level. This may
be why, in religious symbalism, the cighth step is often associated with
spiritual evolurion or salvation.

5]:-'11:1::[5 and crabs have eight legs and octopi have eight tentacles.

b Serrps Musies






THE ENNEAD

three Hhrees

MNine is the triad of triads, the first odd square number, and with it
something extraordinary occurs, for the first nine numbers can be
arranged in a magic square where every line of three in any direction
has the same total {oppasite center). This ancient number pattern was first
spoteed four millennia ago on the shell of a divine turtle emerging from
the river Lo in China.

Three times three is one more than two tmes two times two, and the
ratio between nine and eight defines the crucial whole tone in music, the
g8 seed from which the scale emerges, as the difference between the two
maost simple harmonies in the octave, the fifth 3:2, and the fourth 4:3.

There are nine regular three-dimensional shapes: the five Platonic
solids and the four stellar Kepler-Poinsot polyhedra (see Book 1),

Nine appears in our bodies as the cross-section of the tentacle-
like cilia, which move things around our surfaces, and the bundles of
microtubes in centrioles, essential for cell division (helow).

Nine is the celestial number of order, and many ancient traditions
speak of nine worlds, spheres, or levels of reality. Cars know. They
have nine lives, dress to the nines whenever possible, and seem to spend
miost of their time on cloud nine, wherever that is.







TEN
fingers and thimbs

The fact that humans have eight fingers plus two thumbs must have
worked in ten's favour, as cultures as varions as the Incas, the Indians,
the Berbers, the Hitrites, and the Minoans all adopeed it as the base for
their counting systems. Today we all use base ten. Ten is the child of
frve and two, and unsurprisingly the word ten derives from the Indo-
European dekmr, meaning ‘two hands’

Ten is particularly formed as the sum of the first four numbers, so 1
+1+3+4=10, 1 fact of profound significance to the Pythagoreans who
immorealized it in the figure of the Tetrakeys (Back dats, apposite center)
and called it Universe, Heaven, and Eternicy. As well as being the
fourth triangular number, ten is also the third tetrahedral mumber (fower,
oppasite right), a fact that lends it great importance as a simultaneous
building number of both two- and three-dimensional triangular form.

Ten is formed from two pentagons, and ten life-invoking pentagons
sit perfectly around a decagon, and oma, appropriately as the key wo the
reproduction of life, has ten steps for each turn of its double helix, so
appears in cross-section as a tenfold rosette (apposite top lefr).

There are ten Sephiroth in the Jewish Kabbalah's Tree of Life (lower,
oppasite left) and tenfold symmetry was often used in Gothic archi-
tecrure (appasite top right).

Plato believed that the decad contained all numbers, and for most
of us today it does, as we can express just about any number we care o
think about in terms of just ten simple symbols.

PO MarkED MU






ELEVENSES

meagsure and Hhe Moon

Eleven is a mysterious underworldly number—in German it goes by
the appropriate name of Elf. Eleven is important as the first number
that allews us to begin to comprehend the measure of a circle. This
is because, tor practical purposes, a circle measuring seven across will
mieasure eleven halfway around (apposite top left).

This relationship between eleven and seven was considered so
profound by the ancient Egypeians that they used it as the basis for the
design of the Great Pyramid. A circle drawn around the elevation of
the Great Pyramid has the same perimeter as that of its square base.
The intended seven-elevenfold conversion between square and curve is
demanstrated by numerous surveys.

The ancients were obsessed with measures, and the number
eleven is central in their metrological scheme. Shown opposite is the
extracrdinary fact that che size of the Moon relates to the size of the
Earth as does three to eleven. What this means is thar if we draw down
the Moon to the Earth, as shown, then a heavenly circle through che
Moon will have a circumference equal to the perimeter of a square
around the Earth. This is called ‘squaring the circle’. Cuite how the ald
druids warked this out we may never know, but they clearly did, for the
Moon and the Earth are best measured in miles, as shown.

Eleven, seven, and three are all Lucas numbers, sisters of the
Fibonacei numbers, new numbers forming from the sum of the previous
two numbers, The Fibonacci sequence begins 1, 1, 3, 3, 5, 8, whereas
the Lucas sequence begins 2, 1, 3, 4. 7, 11
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THE TWELVE

heaven and earth

Twelve is the first abundanr smumber, with factors one, two, three, four,
and six, summing to more than itself. Twelve points on a ciecle can join
to form four triangles, three squares, or two hexagons (shown as aspects
withint the zodiac, apposite center). As the product of three and four, twelve
is also sometimes associated with cheir sum, seven.

Twelve enjoys the third dimension and is the number of edges of
bath the cube and the octahedron, The icosahedron has twelve vertices,
and its dual, the dodecahedron (literally “twelve facer’) has ewelve faces
of repular pentagons. Twelve spheres fit perfectly around ane to define
a cuboctahedron. We will meet these palyhedra later.

In a seven-note scale, notes increase as a pattern of five tones and two
halfrones. In modern tuning the five tones are divided to create a scale
of twelve identical halfeones, the well-tempered twelve tone scale we all
hear every day. Curiously, the next most simple Pythagorean triangle,
after the three-four-five, has sides of five, twelve, and thirteen units.

Twelve is often found arranged around a central solar hero; there
are twelve months, twelve signs of the zodiac, and many rwelve-tribe
nations. 1n ancient China, Egype, and Greece, cities were often divided
into twelve districts, and there are wsually twelve full moons in a year.

The material universe is today understood as being made of three
generations of four fundamental particles, twelve in all,
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COVENS AND SCORES

into higher numbers

Thirteen, the coven, beloved of the ancient Maya, and central to the
structure of a deck of cards, is a Fibonacci number expressed in the
meotions of Venus, for whom thirteen years is eight of our own, and lest
vou think it unlucky, remember the teacher of twelve disciples is the
thirteenth member of the pang, as the thirteenth tone in the chromaric
scale completes the octave.

Fourteen, as twice seven, and fifteen, as theee fives, each have unique
qualities but begin to demonserate how non-prime higher numbers tend
to be perceived in terms of their factors.

Sixteen is 2% 2% 2% 2, the square of four (itself 2 square).

Seventeen keeps many secrets. Both Japanese haiku and Greek
hexameter consist of seventeen syllables, and Islamic mystics often refer
to it as particularly beautiful.

Eighteen, as twice nine and thrice six, and nineteen, a prime
number, boch have strong connections to the Moon (see page 42).

Twenry, a score, the sum of fingers and toes, is a base in many culwres.
Finger-counting, a3 in the example shown (spposire), was widespread in
medieval Eoropean markets. In French eighty is still guarre-pingt (four
rwenties) and the ancient Maya used a sophisticated base-z0 syscem { glyphs
for 11 sheton below).

There is not enough space here to cover every number in detail, but
interesting facets of higher numbers appear in the glossary of numbers
at the back of the book (see pages 364—766).
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THE QUADRIVIUM

the qualities of quanta

Another word for 2 whole number is a guantum and the Quadriviam is
essentially an education in the behaviour of simple quanea. The purest
study of quanta deals in factors, ratios, triangular, square, and cubic
numbers, prime and perfect numbers, and the way numbers appear in
sequences like the Fibonacci and Lucas sequences. We will meet many
of these ideas as we po along, but dividing the unity of space and time
also throws light on to the nature of quanta in these media,

For instance, opposite we see some of the limits placed by space
on number. Allowing only perfect polygons there are three regular
grids {spposite top leff), five regular solids {top right), eight semi-regular
grids (center leff} and thirceen semi-regular solids [center right). These
numbers, 3, 5, & and 13 are an interesting bunch, and we will meet
them again in this book.

The numbers of music unfold as simple ratios between periods or
frequencies (lower, oppasite): 121 (unisom), 2:1 {the octave), 3:2 (the fifth),
and 43 (the fourth). The frequency of the fifth differs from that of the
fourth as :8 (the value of the tone which gives rise to the scale).

The way number unfolds in space and time requires that we study
the manifest cosmaos, and the traditional subject of study here is the
solar system. However, we could also add the beauriful simplicity of
the periodic table, the quantum behavior of the subatomic realms, or
the organisation of other natural phenomena with discrete elements.

Numerical faces of space and time are vniversal. They may or may
noc play the same tunes in the nearest intellipent galaxy, but they will

agree thar fifths sound lovely, and recognize five simple solids.
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GNOMONS

ways of growing

Aristotle observed that some things suffer no change other than
magnitude when they grow. He was describing the principle the Greeks
referred to as ‘gnomonic growth”. Originally a term for a carpenter’s
toal, a gnomon is defined as any figure, which, when added to 2nother
figure, leaves the resuleant figure similar to the original. Contemplation
of the gnomon leads to an understanding of one of nature’s most
common principles, growth by aceretion. Structures such as bones,
teeth, horns, and shells all develop in this way.

The ancients had a general fascination with patterns and progressions
created by whole-number ratics. Examples are triangular, recrangular,
square, and cubic numbers {opposite top, and see foo pages 358 and 367); also
Plato’s Limbda, or Lambdona, which produces the full range of musical
ratios; and the proportional rectangles used in Greek design where each
subsequent rectangle is built on che diagonal of the previous one (opposire
center). The Fibonacei sequence is a more recent discovery, bt relies on
the same principle of gnomonic growth. The drawing below shows a
cutaway cross section of the Aztec temple of Tenayuca, revealing five
gnomic reconstructions, made every 52 years, when their calendar,

inherited from the Mayans, was reset and all buildings renewed.
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TIME AND SPACE

L'E'Sﬂ!ﬂlrﬂgy and JI[ﬂi‘Ii:fE'Sﬂ' mimber

Looking around us, there are numbers that particulardy manifest in the
heavens around Earth. These are covered in detail in Boox vi, but we
will introduce a few here. There are, for instance, twelve full moons in a
solar year, but the rwelfth falls eleven days shoet of the end, which means
that a rwelve-moon year, like the lslamic calendar, slides slowly against
the solar year, coming round again after 33 years, three elevens.

Orcher Sun-Moon marriage numbers are 18 and 19; as eclipses repeat
after 18 years, and full moon dates repear after 19 years. Stonchenge
displays this as 19 stones in its inner horseshoe. Two full moons occur
every 59 days, and Stonchenge records this in its outer circle of 30
stones, one of which is half-width, suggesting 2.5 days per moon.

Venus draws a fivefold pattern around Earth every eight years
allowing us to draw an amazing diagram [opposite center). In those eight
years there are almost exactly gg full moons, nine elevens, the number
of names or reflections of Allah in Islam. Jupiter draws a beauriful
elevenfold pattern around Earth (spposite rap).

The numbers of many longer cyeles, such as the Great Year, or
precession of the equinoxes, are also rich in secret qualities. Each great
minth, such as the Age of Pisces, or Aquarius, lasts 2,160 years, also the
diameter of the Moon in miles. Twelve great months give the ancient
Western value of 25,920 years for the whole cycle.

The ancient Maya were superb stargazers. Their calendar syn-
chronized not just the Sun and Moon, but also Venus and Mars, They
worked out that 81 {or 3= 3 =3 * 3) full moons occur exactly every 2,392
[ar &= 13 =23) days, an astonishingly accurate gearing,
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BABYLON, SUMER, & EGYPT

EHTEH' number sysff'mﬁ

Around 3 0008 the Sumerians developed the earliest writing we know
of, and with it a base-60 number system (see page 756). A particulacly
wseful number, 6o is divisible by 1, 2, 3, 4, 5, and 6.

Working in base-6o gives number patterns different from our
modern base-10 system; 2 Sumerian clay tabler impressed with a
cuneiform, “wedge-shaped’, stylus shows the 36 times table opposite.
Their base-6io system survives today as our measurement of cycles and
circles with 6o seconds in a minute, 60 minutes in an hour, or degree,
and 6 x o= 360 degrees in a circle.

Ancient Egyptian numerals were made of characters standing for 1,
10, 100, and so on. An example of Egyptian arithmetic is their method
of multiplication, which uses repeated doubling followed by selective
addition to find the answer.

The ancient vision of number is 3 musical one in which every
number inverts in the mirror of Unity, two hecoming a half, three
becoming a third, and so on. In base-6o this reciprocation is especially
beautiful, as all multiples of 2, 3, 4, 5, and 6 become simple fractions.
For example, 15 becomes a quarter. The Babylonians inherited and
used this syseem to invoke their gods.

Egyptian fractions used a mouth hieroglyph (belose], while fractions
of volume were represented using the Eye of Horus,
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ANCIENT ASIA

manipulating in tens

In China a written decimal system with 13 basic characters has been used
for more than 3,000 years (see page 356). Another particularly beauriful
system af writing numbers is the suan 21 or sangi rod notation, complete
with a small zero, used in China, Japan, and Korea in some form since
ar beast 2008c (below). Later, the famous Chinese abacus replaced rod-
numeral counting boards. The speed of its operators, particularly in the
Far East, is legendary, and it is still in widespread use today,

India has an ancient numerical rradition. Number is prominent in
many of its scriptures, and Indian cosmaology uses huge numbers rivaled
today only by those of modern physics. Indian numerals originate with
the Brahmi sytem of numerals, with 45 characters for the numbers 1 o
go,oo0. In time the speculations of Indian mathemaricians required a
new system combining the first nine number names with powers of ten.
Rapid and elegant calculation technigues and the description of very
large numbers resulted in some astonishing calculations,

The zero also emerged, to denate an empty decimal power without
confusion (see page 56). Indeed, it is from India that we received, via the
Arabs, our modern decimal place value system,
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GEMATRIA

talking mumbers and secret codes

The Phoenicians used a very neat twenty-two letter consonant alphabet
to encode the sounds of their tongue. In time this scripe was adopeed by
most Mediterranean peoples and through its Latin variation came to be
the alphabet that we use today.

Gematria uses leteers as number symbols, so language becomes
mathematics. Impartant canonical, geometrical, musical, metrological,
and cosmological numbers are defined by many key terms in ancient
texts. First appearing widely in ancient Greece, gematria was sub-
sequently adapted to Hebrew and also to Arabic, where it is known as
abjad. A simplified system also exists in all three languages using the
same values without the zeros.

The example below shows two related phrases connected through
an identical sum, itself the lunar radivs in miles. It gives some idea of
the magical and simultanecus resonance between words and numbers
that any literace and numerate reader would have experienced, since for
more than 1,000 years gematria was not merely an occult specialey but
the standard way of representing numbers.

This secret science is still used today by mystics and sorcerers wha
use its connections between words, phrases, and number for their
numinous significance and talismanic power.
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MAGIC SQUARES
when it all adds up

Magic squares are a fascinating way of arranging numbers, and there are
whole books about them and their secret uses. The magic sum of any
square is the same whichever line is added.

Seven magic squares are traditionally associated with the planets
(owpasite). The three-by-three square is Saturn’s, and the squares increase
by one order as they descend through each planctary sphere to reach the
lunar nine-by-nine square, Elegant patterns of odd and even numbers
occur in these squares (ghaded in the diagrans). Each planet also has a magic
seal based on the structure of its square, a vseful code for wizards.

A magic square is an example of a permurtation, ordering things in
a set in a particular way. There are cight ways to sum to fifteen using
three numbers from one to nine, and all eight ways are present in the
three-by-three magic square.

Ocher totals found in magic squares are worth a second look. The
Maya would surely have delighted in the fact that the eight-by-cight
square has the magic sum of 13 = 20, while the solar line total of dleventy-
one gives 666 as the square sum, as 1+2+3 +4+..+34+35+16 = 666,

With gematria as an additional magical key, words and magic squares
maturally interweave in the secret world of spells and ather ealismanic

arts [see example helo).
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MYTH, GAME, & RHYME

numbers we grow up with

Some of our earliest experiences with number occur by way of games,
thymes, stories, and cultural myths, many of which are treasure troves
of hidden numerical relationships.

Ancient forms of language were regularly number-based, so in
poetry we find triplets {three lines of verse), quatrains (verses of four
lines), pentameters (lines with five seressed syllables), hexameters (lines
with six stressed syllables), and haiku (1 three line poem of seventeen
syllables: five, seven, then five; compare with the 17-note scale page 196).

Games, like nvyths and scories, can store information. The sum of
a pack of playing cards, counting jack, queen and king as 11, 12, and
13, is 364, which with the joker produces 365, the number of days in
a year. The eighteens and nineteens of the Chinese game of Go echo
the cyeles of the Sun and the Moon (see page 42). These ancient games
reflect eternal principles, supgesting larger cosmic games, also with
number at their center.

Muost games are dependent upon number for their strucrure and rules.
Imagine a game of poker played by people who couldn't count higher
than three! Below are two examples of knight's tours from chess, both of
which produce magic squares when numbered in sequence.
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MODERN NUMBERS

the dawm of complexity

When the ancient Greeks proved that the diagonals of squares could not
be expressed as fractions, it is said to have cavsed a crisis in their ranks, 2
little like the terror still experienced today by many people faced with
a square root symbol, v.

The last 400 years of human thought have transformed our
conception of number. After the adoption of Indian numerals and che
zero, the next piece of witcheraft was the invention of sepative numbers,
creating a number line which vanished in two directions. Negative
numbers were helpful but created a conundrum: square 2 negative
number and it becomes positive—so what are the square roots of
negative numbers? Mathemaricians realized that there was another
entire number line, of the square roots of negative numbers, which they
called imaginary numbers, labeled today with an i {so0 i is the square root
of -1). Complex numbers today live on 2 number plane, with a real part
and an imaginary part. Intercstingly, it is the play between imaginary
and real numbers that effortlessly produces the beautiful complexity of
quantum mechanics, fractals and chaos theory, modeling many of the
shapes and processes we find all around s in nature.

With the decimal system we use today, we can describe numbers
like &, or pi, the ratio between a circle's circumference and its
diameter, with great accuracy. However, some of the most beautiful
objects in modern mathematics simply employ repeated fractions
which would have been familiar to the ancients. These capture the
complex essence of square roots, the Galden Section ¢ or @, pi 7, and
the exponential growth function, e.
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LERO

nothing left to say

Zero has been left until last, because in a sense it is mot acenally a nomber
at all, just 2 mark representing the absence of number. It is perhaps for
this reason, and the horror many theologians had of it, that nothing
took such a long time to emerge as something at all, and in quite a few
sensible cultures it never did.

A symbol for zero has been invented independently at least three
times. The Babylonians in 4o0mc started using the shape of two wedges
pressed into clay to act a3 an empty place’ marker in their sexagesimal
numerals, 'no number in this column’. On the other side of the world,
and nearly a thousand years later, the Mayans adopted a seashell symbol
for the same function,

The circular form that ‘nothing’ assumed under the Indians reflected
the indentation left in sand when a pebble used for counting is removed.
Thus our modern zero, inherited from the Indians, began as the visible
trace of something no longer there.

Like one, zero probes the borderline between absence and presence.
In early Indian mathemarical treatises it is reterred to as Sunpa, meaning
‘void’, calling to mind the abyss, the ultimate unknowable, the pregnant
ground of all being,

It is perhaps appropriate that our zero takes the form of a circle,
itself a symbol of one, and that our one takes the form of a short line
between two points. As acknowledged in gematria, each number
already contains the seed of its successar within it, and the symbels for

zero and one strangely combine to create the Golden Symbol b, a fitting
thought with which to end this book.
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INTRODUCTION

acrep ceoMmeTry charts the unfolding of number in space. It

differs from mundane geometey purely in the sense that its moves,
concepts and products are regarded as having symbolic value and
meaning. Thus, like pood music, the study and practice of peometry
can facilitate the evolurion of the soul. As we shall see, the basic journey
is from the single point, into the line, out to the plane, through to the
third dimension and bevond, eventually returning to the point again,
watching what happens on the way.

These pages, Book 11 of Cuadrivium, cover the elements of two-
dimensional geometry—the unfolding of number on a far surface.
The three-dimensional geometrical story is then told in Book 11, This
material has been used for a very long time indeed a5 ane introduction
to metaphysics. Like the elements of its sister subject, music, it is an
aspect of revelation, a bright indisputable shadow of Reality and a
creation myth in itself,

MNumber, Music, Geometry, and the study of patterns in the Heavens
are the four great Liberal Arts of the ancient world dealing with quanta,
or whole numbers. These simple universal languages are as relevant
today as they have always been, and may be found in all known sciences
and cultures without disagreement. Indeed, one would expect any
reasonably intelligent three-dimensional being amywhere in the universe
to know about them in much the same way as they are presented here.

Just above the entrance to Plato’s Academy was a sign: "Let none
ignorant of geometry enter here.” So let’s do some research.
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POINT, LINE, & PLANE

none, one and oe domensions

Beciw with A sueer oF paper. The point is the first thing that can be
done. It is without dimension and is not in space. Without an inside or
an outside, the point is the source for all which now follows. The point
is represented (helow) as 2 small circular dot.

The first dimension, the line, comes into being as the One emerges
into two principles, active and passive (below right]. The point chooses
somewhere outside of itself, 2 direction. Separation has occurred and
the line comes into being. A line has no thickness, and it is sometimes

said that a line has no end.
Three ‘ways’ now become apparent (spposite):

i} With one end of the line stationary, or passive, the other is
free to rotate and describe a circle, representing Heaven.

i) The active point can move to a third position equidistant
from the other two, thus describing an equilateral rriangle.
iif) The line can produce another which moves away until
distances are equal to form a square, representing Earth.

Three forms, circle, triangle and square have manifested. All are rich
in meaning. Our journey has begun.
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SPHERE, TETRAHEDRON, & CUBE

_fmm too to three dimensions

Although this book concerns itself primarily wich the plane, the three
‘ways of rotation, movement of a sertex, and translation of an object,
are here taken one step further, into three dimensions {appesite):

i} The circle spins to become a sphere. Something circular
remains essentially circular {top row).

ii) The triangle produces a fourth point at an equal distance
trom the other three to produce a tetrabedron. One equilateral
rriangle has made three more [central row),

i} The square lifts a second square away from itself until
another four squares are formed and a cube is created (Jower rou).

MNotice how the essential division into circularity, triangularity and
squareness from the previous page is preserved.

The sphere is a symbol of the cosmos and the totality of manifest
creation. Very large and very small chings in nature tend to be
spherical. Einstein discovered that a point in four dimensions {i.e. you
here and now} is a sphere expanding at the speed of light, and all we
can see of the entire universe is inside an event-horizon sphere. The
cube represents the Earch.

The sphere possesses the smallest surface area for its volume of any
passible three-dimensional solid whereas, amongst regular solids, the
tetrahedron is the opposite.

A tetrahedron is in fact hiding in a cube—if you draw a single
diagonal line on every face of a cube so that they join at the corners,
you will have defined the edges of a tetrahedron.  Tey it!
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ONE, TWO, & THREE

playing with circles

Get a ruler, compass, something to draw with and something to draw
on. Draw a horizontal line across the page. Open the compass and
place the paint on the line. Diraw a circle {top).

Where the circle has cut the line, place the compass point and draw
another circle, leaving the compass at the same opening as before. When
one circle is drawn over another like this so that they pass chrough
each others' centers, then an important almand shape, the sesica pisci,
literally fish’s bladder’, is formed. It is one of the first things that circles
can do. Christ is aften depicted inside a vesica. Two equilateral triangles
have been defined (apposite center).

A third circle can be added to the line as before, normally on the
other side of the forming circle, this simple act defining all six points of
a pertect hexagon {lower, apposite). Alternatively, the third circle can be
added as shown below to produce an elegant trizngular form.

Circles thus effortlessly produce perfect triangles and hexagons,
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SIX AROUND ONE

or twelve ov even eighteen

The six points of the hexagon give rise to the fower-like partern shown
below. Alternatively it can be drawn by "walking’ a circle around
itselF—something most children have done at school, whether under
instruction or just playing with a compass.

We are now secking the lower diagram opposite, and need the
centers of the six outer circles. One way is to extend the flower, lightly
drawing the six circles shown dashed in the top diagram, to give us the
six centers. Otherwise we can draw straight lines as shown in the lower
diagram. Both ways work.

We can now see that six circles it around one. We can push glasses,
coins or tennis balls together to see it, yet it is extraordinary really. “Six
around one’ is a theme which the Old Testament of the Bible opens on,
with the six days of work and the seventh day of rest. There is indeed
something very sixy about circles.
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TWELVE AROUND ONE

how lo draw a dodecagon

As one produces six, so six produces twelve. Here the arms of a six-
pointed star extend from the flower to intersect the outer rims of the
six circles. Beautifully, this forms a perfect overall division of space
into twelve parts {dhown opposite). The twelve-sided polygon is called 4
dodecagon, which means licerally ‘welve sided”.

The dodecagon is alsa made fram six squares and six equilaceral
triangles fitted around a hexagon—can vou see them all opposite? In
addition, the shape divides into its factors, three, four and six, as four
triangles, three squares, and two hexagons (lower row opposite).

Shown below is the three-dimensional version of the same story. A
ball narurally fits twelve others around it so that they all touch the center
and four neighbours. You see this arrangement in apples and oranges
in every market stall. The shape made is called the cuboctahedron and
is closely related to the tetrahedron and cube we saw on page 67. Most
crystals grow along these lines.

Twelve is the number which fits around one in three dimensions in
the same way that six fies around one in two dimensions. The New
Testament is a story of a teacher surrounded by ewelve disciples.
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THE FIVE ELEMENTS
a brief foray into the third dimension

Although covered in depth in Boox 111 of this volume, it is worth
mentioning here that there are just five regular three-dimensional solids.
Each has equal edges, every face is the same perfect polygon and every
point is the same distance from the center. Known as the five Platonic
Solids, they were recognized in the British Isles two thousand years
before Plato—y4,000 year-old carved stone sets of them have been found
at stone circles in Aberdeenshire, Scotland (belme, from Critdmi).

The first solid is che tetrahedron, with four vertices and four faces
of equilateral triangles, traditionally representing the element of Fire.
The second solid is the octahedron, made from six points and eight
equilateral triangles, representing Air. The Cube is the third solid,
eight vertices and six square faces, representing Earth. The fourth is
the icosahedron, with twelve points and twenty faces of equilateral
triangles, the element of Water. The last, and fitth, element is the
dodecabedron, which has twenty vertices, representing the mysterious
fifth element of Aether.

Notice how beautiful the dodecahedron is, and how it is made of
twelve pentagons, perfect five-sided shapes.







CIRCLING THE SQUARE

the marringe of heaven and earth

The circle is the shape traditionally assigned to the Heavens, and the
square to the Earth. When these two shapes are unified by being made
equal in area or perimeter we speak of ‘squaring the circle’, meaning that
Heaven and Earth, or Spirit and Matter, are symbaolically combined, or
married. Fivetold Man exists between sixfold Heaven and fourfold
Earth and Leonarde da Vinci's image (epposite) also shows how a man's
span equals his height, that this measure equals seven of his feet and
other important ratios.

As we saw eatlier (page 33), the Earth and the Moon square the cirele,
for if the Moon (diameter 3} is drawn down to the Earch [diameter 11)
then a heavenly cirde through the Moon (detted, heloe center) has radins 7,
and so circumference 44, the same as the perimeter of the square around
the Earth. This works because . which relates the circomference of 2
cirele to its diameter i practically 24 In Leonardo’s image the Moon
would fit above the man's head.

Also shown (belowr left and right) is a simple construction for a square
using ruler and compass. Octagons soon follow,
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THE CANON
3, 7 and 11

The squaring of the circle as 3211 is coded in a door at Gerum Churchin
Gothland, Sweden {apposite). Irish and Norse myths abound with rales of
33 warriors (3 x 11). The Sun takes 33 years for a perfect repear sunrise on
the horizon. Jesus dies and is resurrected aged 33. Ramadan occurs every
12 moons and takes 33 years to move around the calendar. Halfway
between 3 and 11 is 7 and it is an old secret that the Earth’s dilt, often
hidden in sacred art as the tilt of 2 holy head (the Virgin Mary's or the
Buddha's), is the diagonal of a rectangle 3 wide and 7 high. Importantly,
"% is the ancient Egyptian value for half of , so a circle radius r has
quadrant arc "% r. The Sandreckoner's diagram [spposite) is 1 unique way of
dividing a rectangle’s edge into canonical fractions (after Malcalm Stewart).

A circle and square can also be married by having the same area, and 2
double rainbow, with bows at 41.5% and 525° precisely draws this (felow,
fromn Martineauy—a marriage of Heaven and Earth indeed!

j‘ﬂ AR R AR TR Y



i ,
1, ol T Y it ] ™
b ! o . o L Ty
— N ___.-'III.
X
T
Bt 0y
ek i
gl f e
i
|'Il ..'I'.-:"l\-\.
_I'.-___-"'. 5 .. ¥ =
.“

7 AT &7 LT I P B

Abwve anid below: The Sandreckoner’s dutgram.
Sirply by oining cormers o the conters of sudes,
i Sifeaidrecs abige ity I exaactly diveded mte 3, 4,
5, and above, 7 and 11 exqual parts, which mikes
it extrevely useful device. The imitsal lines
ialser preoduace o plethona of whole number lengths,
areins, aindd shapes, ocluding a meudtinde of
Pythagorean 3-4-5 trigles al varions scirles,

g e el il R N

h\-\"'\-\.
-
-
‘_.H'
e I
175 Isa Flal FEL] K] | ] L | P, IO T S . S T - |
bl L] dadeid
- i e o log I i
: y R R o A4 b M
* * ; ! E ---T--i----i----T---
é ............ T ..... JE ...... ____;,___,u:_,_+__,_é____

RaliED DRdsieTey T



PYRAMID Pl

a marriage of everything

There is perhaps no more famous a geometric object on Earth than the
Great Pyramid at Gizain Egype with its serange passages and enigmatic
chambers. The five diagrams opposite show:

1. The square of the height is equal to the area of each face.
3. The Golden Section in the pyramid, @ = 1.618 {s22 page 86).
3. Piin the pyramid. Pi, or 1, defimes the ratio between a
circle’s circumference and its diameter (3.14159...).
4. The pyramid squaring the circle (see page 76).
5. A pentagram defining a ‘net’ for the pyramid - cut and fold!

Geometry means ‘Earth-measure’. The Pyramid funcrions as a
ridiculously accurate sundial, star observatory, land surveying rool and
repository for weights and measures standards. Written into the design
are highly accurate measurements of the Earth, detailed astronomical
data and these simple geometric lessons,

A 3-4-5 triangle fits the shape of the King's Chamber (below) and
also gives the angle of slope of the second pyramid at Giza. Halfway

between the two slopes is 51.4% one seventh of a circle,

By Sarmpn Gschaay
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HALFLINGS AND THIRDLINGS
defined by trimngles and squares

An equilateral triangle (oppasite top left), or two nested squares [apposize
tap right) both do the same thing—the circle inside each of these figures
is exactly half the size of the surrounding circle. This is a geometrical
image of the musical octave, where a sering-length or frequency is
halved or doubled.

Appropriately, the three-dimensional equivalent of the triangle, the
tetrahedron, defines the next fractional proportion, one third, as the
ratio of the radius of the innermost sphere to that of the containing
sphere (opposite, hottom lofi). Two nested cubes, or two nested octahedra,
or an octahedron nested in a cube {apposite, bottom right) all produce one
third toa. The geometric third is musically equal to an octave plus a
fifth in harmonic notation. Thus two dimensions quickly define a half,
and three dimensions a thind.

A close but not perfect marriage is between five and eight (helow),
whose geometries often play with one another. In both these diagrams

the inner circle could be the size or arbit of the planet Mercury if the
outer circle is taken as being the size or orbit of the Earth.

B2 Sarmps GecheTay






THE SHAPES OF SOUNDS

and three quarters

Geometry is number in space’, music is ‘number in time’. As we shall
see in Boox 1V, basic musical intervals are simply elementary ratios, 121
[unisan), 2:1 {the actave), 3:2 [the fifth), 43 (the fourth) and so on. The
difference between the fourth and the fifth, which works out at g:8, is
the value of one tone. Musical intervals, like geometrical proportions,
always invalve two elements in relationship, two string-lengths, two
periods (lenpths of time) or two frequencies (beats per length of time).
Simple ratios sound and look beatiful.

We can see musical intervals as shapes by swinging a pen in a cirde
at one frequency, and a table in an opposite circle at another frequency,
the device being called a harmonagraph. Shown opposite are two patterns
from near-perfect intervals. The octave {upper) draws as a eriangular
shape, the fifth (lner} a pentagonal form.

In the spirit of the previous page, two octaves, of a quarter, can be
exactly defined by two triangles, four squares, or, intriguingly, by a

pentagon in a pentagram (below).

By Sarmn Geossmay






THE GOLDEN SECTION

mid other important roots

A pentagram inside a pentagon is shown opposite. A simple knot,
carefully tied in a ribbon or strip of paper and pulled tight and fateened
out makes a pertect pentagon. Try it some rime!

In the main diagram opposite you can see that pairs of lines are each
dashed in different ways. The length of each such pair of lines is in the
Golden Section ratio, 14y, where ¢ (pronounced ‘phi") can be either 0.618
or 1.618 {more exactly 0.61803399...). The books in this volume use the
lower case & tor 0.618 and the upper case 4> for 1.618.

Importantly, ¢ divides a line so that the ratio of the lesser part to the
greater part is the same as the ratio of the greater part to the whole. No
other proportion behaves so elegantly around unity. For instance, 1+
1618 is 0.618, and 1618 = 1.618=2.618. So one divided by © equals ¢
(or @ minus one), and B multip]j:d by & equals < plus one!

The Golden Section is one of three simple proportions found in the
carly polygons (lawer, eppasite). With edge-lengths 1, a square produces
an internal diagonal of vz (the square root of two), a pentagram &, and
a hexagon v (the square root of three). Many familiar objects from
cassettes to credit cards and Georgian front doors are @ rectangles. vz
and v are found widely in crystals, while > appears predominantly in
arganic life, possibly due to the flexible icosabedral nature of water
and other liquids. All three geometric proportions are employed in
good design, along with harmonic ratios.

Neighbouring terms in the Fibonacei Series: 1, 1, 2, 3, 5, 8, 13, 21,
34, 55 «-- (adding each pair of numbers to get the next) approximate ¢
with increasing accuracy. For the keen, ¢=Y{v5-1) and d=1{5+1).

B Sarmps G chaay



Iy ST A LK

A |

- i, -

b " i

; L.

9 N,

-'\-I 5

vl

{ s f

AAUEED DR METES



SOME SPECIAL SPIRALS

and how fo draw them

Spirals are marvellous forms which nature uses at every scale. Three
have been selected for this book, all of which give the impression of 4
spiral from multiple arcs of circles.

The first is the Greek lonic volute shown top left. This is quite hard
to draw and the secret lies in the small “key’ shown above it. The dotred
lines in the main drawing show the radii of the arcs and give clues to the
centers. It's not as hard as it looks!

Regular spirals such as the one shown top right also need a key. This
can simply be two dots {the easiest), a triangle, 3 square, a pentagon, or
2 hexagon {as shown). The more points you have the more perfect the
spiral will be. Here's how to do one with just two dets. Diraw two dots
quite close together and draw a semicircle centered on cne starting from
the other. MNow, ]-:.:L*ping the pen in the same placc, open the compass a
hit wider, moving the point to the other dot and continue in the same
dircction, drawing another semicircle. Repeat this a few times and a
spiral will appear. It sounds harder than it is—if you try it you will
soon get the idea. The bigger the key the wider the coils. Now look at
the lonic volute key again—can you see what is happening?

The battom picture shows a Golden Section spiral, one of the family
of exponential spirals which are common throughout the natural world.
A Golden Section rectangle has the special property that removing a
square from it produces another Golden Section rectangle, and the
Golden Section spiral is formed by removing successive squares and
hilling each with a quarter arc.
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HOW TO DRAW A PENTAGON

and o golden section rectangle

The method of construction of a pentagon shown opposite is perfect
and is from the Almagest of Prolemy {d. ca. 168 ap).

Drraw a horizontal line with a circle on it. Keeping the compass
opening fixed, place the point at «1» and draw the vesica through che
center of the circle. Now open the compass wide and draw arcs from 1
+and «2» to cross above and below the circle. Use a straight edge to draw
the vertical through the center of the circle. Next draw the verrical
through the vesica to produce «3». With the point of the compass at (3
+ swing an arc down from «4» at the top of the circle to give «5.. With
the point at <4 swing through «5: to give two paints of the pentagon.
With the paint of the compass on these new points in turn, swing from
the top to find the last two points of the pentagon.

A Golden Section rectangle, widely used in painting and architecture,
is constructed from the mid-point of the side of 2 square {helou).
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THE HEPTAGON

seven out of three

Divide a circle into six and draw the primary equilateral mriangle. Find
the midpoints <1 and (2 of the triangle’s twe upper arms and drop two
lines down to give two points <3+ and « on the base of the triangle, and
two on the bottom of the circle. Finally, from the top, swing through
the tour points on the triangle to give the last four points of the seven
on the circle.

Although it is impossible to draw a precise heptagon using ruler
and compass alone, you can do it perfectly using seven equal rods or
matchsticks {shown below lgft). This wedge is an exacr fourteenth of
a circle, so you need two of them for a one seventh division. More
ancient rough solutions use a cord with either six knots or in a loop with
thirteen (belosr center and right).

The ancient builders were amazing surveyors. Avebury stone circles
in England are positioned exactly at latitude 51.4%, one seventh of a circle
up from the equator. Luxor in Egypt is at a latitude exactly halfway

between Avebury and the equator. Mecca meanwhile is at the northern
Golden Section latitude berween the two poles.
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THE ENNEAGON

1mines and .'r.'rmgff fuzfngfs

The construction shown oppasite divides a circle into a near-perfect
nine from an initial six-pointed star using three centers.

The digits of many special numbers sum to nine: 2,160 or 7,920 for
instance, the diameters of the Moon and the Earth in miles; or 360 and
666, and pentagonal angles like 36, 72, and 108. In fact, all multiples of
nine add up to nine. Nine is three times three, or three squared. Many
tribal cultures speak of nine worlds, or nine dimensions,

The golden Bush Barrow lozenge found near Stonchenge (belour
left) has internal angles of 80® and 100% supgesting nine-fold geometry.
Sunrises and sunsets at the latitude of Stonchenge vary over 8o%, and
moonrises and moonsets over 100°, so this was a useful object.

Mot for beginners is the abscure fact that a sphere-point enneagon
[ar nine coins arranged in a perfect nine-sided figure) can contain two

maore spheres which exactly touch {hefow right).
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RABATMENT

and the rule of three

Painters have a whole bag of secret tricks to help them produce the
perfect picture. Students of composition are taught ‘the rule of three,
where a canvas is divided in three horizontally and vertically, into nine
small versions of the original rectangle (below leff). The four intersections
produced are excellent places to choose as focus points in the design and
are used by many arvists. By contrast, items placed on center-lines seem
contrived in the composition, too obvious.

Another trick is to draw a square within your rectangle and use the
lines produced as focal axes (below center). This is called rabatment. In
Golden Section rectangles the space left over from a square is another
Golden rectangle. The process may be continued indefinitely.

Occult centers (below right) are found by using the diagonals of 2
recrangle, and riglu—n.u.gltﬂ triangles with the other corners.

Dividing a line into 2 or 3 parts uses the first few steps of the Fibonacei
sequence, 1, 2, 3, 5, 8 13, 21, and so on, where adjacent terms home in
on the Golden Section 0.618. Some painters use ¥ divisions or even
the Golden Section itself. Opposite we see two wonderful examples of
rabatment at play. Botticelli uses 2 Galden Section rectangle reduced
by rabatment in stages to compose his painting, while Grimshaw uses
a rectangle between @ and vz, with halves and Golden lines as guides.
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Alrove: Botticellis Birth of Vs, A (ralfen Section rectangle with interior squares define
the horizon, spine, novel and ather featieres. Below: Tahn Atkinson Grinshaw’s Iris fairy
is positioncd weing conter lines and golden divisions, The fairy exiss m huslf the painting
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SIMPLE TILINGS

repeating patterns over an mfinite surfoce

A regular tiling {or tessellation) of the plane ocours when the same regular
polygon is used to hll the plane, leaving no spaces. Only three of these
are possible {shows telowd. A semi-repular tiling allows for more than one
type of palygon but insists that each vertex is the same. For example, in
the central patrern opposite every vertex is a meeting of two hexagons
and two triangles. Eight semi-regular tilings are possible and all are
shown opposite (though the top left and top right grids opposite are
left- and right-handed versions of each other and count as one).

Some designs can be flled in further. As shown on page 73,
dodecagons are just made of hexagons, triangles and squares, and
hexagons are simply collections of wriangles. As we shall soon see,
triangles and squares can go on to do the most amazing things together.
What of the other regular polygonst Ocragons only rile with squares
(oppusite fop center). Pentagons do not fir together happily on the plane,
preferring the third dimension (see pages 24-75).

Hepeagons and enneagons stand aloof.
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FURTHER TILINGS

miore fun in the bathroom

T'here are twenty demi-regular tilings (where two vertex situations are
permitted) and most of these, and a few other interesting ways to rile
the plane, are shown on these two pages.

These tessellations form the basis for pattern construction in many
traditions of sacred and decorative arr across the world. They can be
tound underlying Celtic and Islamic parterns and in the natural world
they appear as crystal and cellular structures. William Morris used
them widely for his repear wallpaper and fabric designs. Their uses are
limired only by your imagination!

On the next page we see one of these grids put to use.
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THE SMALLEST PART

reversible stencils and rotatable blocks

Many of the semi- and demi-regular grids can be reduced to a simple
square or triangular unit which can then be reflected or rotated to
recreate the whole pattern. Often these repeat triangles or squares are
surprisingly small. It is worth remembering, however, that in practical
applications it is often easier to rotate a printing block or stencil than it
is to reflect it—and in such cases one has to double the stencil or carve
2 larger black.

The design shown opposite is based on one of the grids on the
previous page (see if you can find which one). It is produced by rotation
and reflection of the primary unit (helow right). Once this basic unit has
been identified, all that you need to do is draw this minimom amount
(appusite top) to be able to create the entire design.

Squares and equilateral triangles can both be halved to produce
smaller triangular units (helow leff). But, again, cake care and think about
what you are doing; for instance you cannot do this with the example
shown opposite—can you see why?
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Thit srallest unit of the
prattern below, draown at
the same scale, and showing
the grid lines which lave
informed its dn&;ll.

Notice how leaves and petals
Iave been pasitionsd along
the edges of tae tile, with

the centers of flowers at the
centers of rokation rufr:u:ﬁ.
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SYMMETRY
regular and beautiful

Symmetry means ‘measuring mg:rll-rr', and things are termed sym-
metrical when they possess harmonious proportions, often between
repeated elements. Elements may be repeated in a number of different
ways: displaced, reflected, rotated, spiraled, scaled, stretched, folded, or
multiple combinarions of these.

Symmetries can be manifest {clear) or occult (hidden). For example,
the balanced weights below (onser) hint at the equations of mathematics
and physics that model the hidden symmetries which underlic the
pliysical world. Symmetry is the subject of an entire book in this series,
and the images below and opposite are suggestive rather than complete.
Apart from the symmetries listed above, there are alio topological
or mapping symmetries (helow right), branching symmetries, fractal
symmetries (where parts are images of the wh::n[-r], crystal symmetries,
electron orbital symmetries, aperiodic symmetries {see Li symmetries, page
120), radial SYIMIMECITies, Permutation synumetrics, series qmmﬂri:sﬂﬁr
exaniple phplloticeds, page 324) and species of assymmerries.

It is important to realise that geometry and harmony are themselves
merely forms of symmetry, especially in the way their products are
appreciated as aesthetic. The plot of a film or novel can likewise be
thought of as symmetrical, as can notions of fate or justice,

‘Measuring together’ can indeed mean many things.
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ISLAMIC DESIGNS

stars are born from subgrids

Islamic patrerns speak of infinity and the omnipresent center.

For the pateern opposite, start with six circles round one, developing
a grid of overlapping dodecagons from triangles, squares and hexagons
(see pages 73 and gg). The key points now are halfway along the side of
every polygon. These are joined up in a special way and extended as
shown in the top part of the diagram. Many beauriful patterns are
sitting in every simple subgrid, just waiting to be pulled out.

The subgrids themselves are rarely shown in traditional are. They
are considered part of the underlying structure of reality, with the

cosmos overlaid—cosmos means “adornment

E "t - e’
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A CHURCH WINDOW
not far from the Isle of Man

A piece of church window masonry is shown opposite. The design
speaks of the implicit trinity in unity. It is 2 very beantiful design and
remarkably satisfying to draw. See if you can follow its construction
from the diagram below, which begins with the enclosing circle. Natice
how every detail is defined by the geometry.

Dreaw a large circle and divide it into six. In this circle draw a large
triangle and inscribe a circle to fit inside it. This gives the centers of
three touching circles {the center-lines of the tracery). Notice how these
circles do not touch either the outer circle or the center of the window,
A small circle {ar the bottom of the image below) then assists in giving the
width of the stone tracery itself, enabling the inner, middle and outer

edges of tracery to be defined.
MNow see if you could draw the tracery on the next page.
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TREFOILS AND QUATREFOILS

the geometry behind tracery

Everything is made of light, all matter is, and without matter there
would be no sound. Atoms and planets arrange themselves in geo-
metrical patterns. How profound then is 2 window, which allows the
passage of light into an otherwise dark space.

The designs of church windows follow many rules, forms and
traditions, and some cloes are given on these pages. The casiest to draw
are the theee quatrefoils (battom row of this page).

The south window of Lincoln cathedral with its striking double
pesica is shown opposite, and below it three famous and very early west
windows, from Chartres, Evreux and Rhbeims cathedrals. A good
balance is kept berween line and curve.

IO Sark s (o rasTay



AAUEED DR METES

L]



STONE CIRCLES AND CHURCHES

vesicas n action for over 4,000 yenrs

Four flattened stone circles are shown opposite with their consistent
geometry 15 discovered by Professor Thom. On the left are examples of
the type-a shape, on the right type-gs. The vesica-based constructions
are also shown (see page 68 for pesica).

Shown on this page is the ground plan of Winchester Cathedral
An interplay of simple vesica-based triangular and square systems, ad
trigngulum and ad quadnation, underlies the plans of many ecclesiastical
buildings (see tap row page 87).

The design of a sacred building, whether church, stone circle or
temple, requires the designer to marry the universal symbaolism of
the geometrical moves he or she is making with the specific religions
language. Local factors also go into the cauldron, for example Sun, star
or Moon rise and set positions, or nearby sacred hills, springs or leys.
Below we see Winchester Cathedral’s axis pointing 72% from north,
creating a magical magnetic pentagram.
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DELIGHTFUL ARCHES

how fo draw a few of the mmy

Arches take remarkably similar forms all over the world and a few are
shown here. Living trees often make the best arches.

The top row opposite shows five two-centered arches. Their span
has been divided into 2, 3, 4, 5, and 5 again. The straight doteed lines
show the radii of their arcs. The heights of arches can vary but for
these five their heights are defined by a rectangle which gives a musical
interval, thus 2:3, 3:4 and so on {page £4).

The second row of arches opposite are four-centered. The curve of
the arch changes at positions given by the solid line. Ideas for defining
their heights are also given.

The bortom two arches opposite are a horseshoe arch, which can
alsa be pointed, and a pointed arch. The pointed arch seems to turm
up—"the return—but the lines are accually dead straight.
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A CELTIC SPIRAL

Euclidean geometry in ancient Ireland

The design shown oppasite comes from a four inch bronze dise found
on Loughan Island in Northern Ireland, and dated to around 2000 vears
ago. It is an exceptionally beauriful example of the early Celric style.
As we have already seen with stone circles and arches, the seamless
conjunction of multiple arcs can be highly aesthetic and it reached its
perfection in the early Celtic period.

Many eary Celtic pieces show evidence of compass use and the
final drawing for this disc required no less than 42 separate compass-
point positions! 1t is thoughe that the master artists who created these
designs started with a basic geometric template, such as a rouching
circles pattern, then sketched their forms before returning to geometry
to tighten everything up so that their curves all became ares, sections
of circles. This gives a tautness to the curves. In this way intuition and
intellece work topether.

The lower sequence of pictures shows how to plot arcs through
points. The first diagram shows an arc centered on . ' We want the
arc to change effortlessly at «a: and then pass through «b. What do
we do? Find the perpendicular bisector between points «a and o by
opening the compass, describing two equal arcs from +a» and by, and
drawing the line through their intersections {lower, apposite ceniter). This
cuts the «a-¢: line at a new point «or which then becomes the center we
were looking for (lower right),

All of the beautiful curves in the Loughan Island disc are drawn and

tautened in this simple and elegant manner.
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Tine iddea that cirles or arcs of cirdes are the only tridy heavewly curves finds its
way into many philozophies of sacred art. The techmiquee above may be wsed in any
application ta refine a curvy sketch or design and give it that dasive magical quality.
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PENTAGONAL POSSIBILITIES
those phantastic phizzy phives

Although the regular pentagon does not tile on the plane, it does do
various other things which no good bock on siceed geometry should
omit to mention. Cme of these, taken from studies by Johannes Kepler
(1571-1630), involves 2 ‘seed” pattern can be grown from the cente {oppasize
tap). The grey pentagons leave spaces which are bits of pentagrams and
vice versa. The design is riddled with examples of the Golden Section.
Twao other seeds are shown,

In Roger Penrose’s famous pentagonal tiling (lower, appasite) two
shapes tile to fill the plane with aperiodic 'not-repeating” pentagonal
clements ar all scales. These patterns have recently been found to
underlie the nature of most liquids. They are, for instance, cross-

sections through water.
Shown belaw are the fourteen types of irregular convex pentagon

which tile the plane.
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LI SYMMETRIES

formed in time

Li symmetries are so familiar to us that we almost don't notice them.
They surround us and pervade the natural world, bue it was only in the
19505 that these enigmaric forms of symmetry began to be understood
as self-organising systems through the pioneering work of Alan Turing.
The Chinese, however, have been studying them for millennia, and it
is from them that they get cheir name.

Li symmetries may be distinguished from static symmetries in that
they are primarily caused by the interaction between processes and
materials. For instance the repeated action of wind over sand produces
the familiar ribbing of sand dunes, 2 symmetry which can oceur at
different scales. Likewise, the action of heat on wet clay creates crack
patterns which also closely ressemble the layout of many towns and

cities, even down to relatively small details such as the width of the
roads (see David Wade's ilustrations opposite).

Li symmetries extend into animal markings, stretch patterns such as
tree barks, cloud patterns, and many other areas of nature.

Mext time you are out and about, see how many you can spot!
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THE SEVENTEEN SYMMETRIES
from slide, spin and mirror

The Arab alchemist Jabir ibn Havvan, known in the West as Geber,
regarded 17 as the numerical basis of the physical world.

Using a very simple sample design the next three pages explore
the three basic operations of rotation, reflection and sliding. These,
combined with the three regular tilings, give seventeen "wallpaper’
or plane symmetry groups which are shown below, opposite, and on
the next page (after Critchlow). The final facing page shows the seven
possible frieze symmetries derived in the same way.

This visual key can be very usetul when creating repeats tor fabric o
poLtery patterns [see foo pages 102—ro3). 'Pattern’, by the way, comes from
the Latin word parer, meaning "father’, in the same way that ‘matrix’
comes from mater, meaning ‘mother’.

Remember, not all stencils can be turned over (reflecred) without
making 1 mess, so choose your repeat units with care.

And on that rather practical note this dense lictle book on one
of the oldest subjects on Earth has now reached its end. Ihope you
have gleaned enough ideas from it to create something good, true and

beauriful next dme you get designing!
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INTRODUCTION

Iua-:ma a seueme. Lt is Unity's perfect symbol. Each point on its
surface is identical to every other, equidistant from the unigue point
AL i0s center.

Establishing a single point on the sphere allows others to be defined
in relation to it. The simplest and most obvious relationship is with the
point directly opposite, found by extending a line through the sphere’s
centet to the ather side. Add a third point and space all three as far from
each other as possible to define an equilateral rriangle. The three points
lic on a circle with radius equal to the sphere’s and sharing its center,
an example of the largest circles possible on a sphere, known as great
drcles. Point, line and triangle occupy zere, one and two dimensions
respectively, It takes a minimum of four points to define an uncurved
three-dimensional form.

This section of Quadriviom charts the unfolding of number in three-
dimensional space through the most fundamental forms derived from
the sphere. A cornerstone of mathemarical and artistic inquiry since
antiquity, after countless generations these beauriful forms continue to
intrigue and inspire.
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THE PLATONIC SOLIDS
beautiful forms unfold from unity

IMAGINE YOU ARE ON A DESERT 15LAND; there are sticks, stones, and sheets
of bark. If you start experimenting with three-dimensional structures
you may well discover five ‘perfect” shapes. In each case they look
the same from any vertex {corner point), their faces are all made of the
same regular shape, and every edge is identical. Their vertices are the
most symmetrical diseributions of four, six, eight, twelve, and twenty
points on a sphere [befon).

These forms are examples of polphedra, literally ‘'many seats’ and,
as the earliest surviving description of chem as a group is in Platos
Timasus, they are often called the Platonic Solids. Plato lived from
427 to 3478c, but there is evidence that che Platonic Solids were
discovered much earlier.

Three of the solids have faces of equilateral triangles—three,
four, or five meeting at each vertex—and have names deriving from
their number of faces; the tetrahedron is made from four, the scaahedron
eight, and the icosahedron twenty. The 3-4-5 theme continues with the
common aibe, with its six square faces, and the dodecahedron with its
rwelve regular pentagonal faces. Ower the pages which follow we will
get to know these striking three-dimensional forms betrer.
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THE TETRAHEDRON

4 faces : 6 edges : 4 vertices

The tetrahedron is composed of four equilateral eriangles, with three
meeting at every vertex. lts vertices can also be defined by the centers
of four touching spheres (lower, opposite righy). Plato associated its form
with the element of Fire becavse of the penetrating acuteness of its
edges and vertices, and because it is the simplest and most fundamental
of the regular solids. The Greeks also knew the tetrahedron as puramis,
whenee the ward pyramid. Curiously the Greek word for fire is pur,

The tetrahedron has three a-fold axes, passing through the
midpaints of its edges, and four 3-fold axes, each passing through one
vereex and the center of the opposite face {lelow). Any polyhedron wich
these axes of rotation has tetrahedral sppunetry.

Each Plaronic Solid is contained by its dreumsphere, which just
touches every vertex. The Solids also define two more spheres: their
midiphere, which passes through the midpoint of every edge, and
their insphere, which is contained by the solid, perfectly touching the
center of every face, For the tetrahedron che inrading is one thied of the
circsemradius (lower, opposite left).

el on  2-fold farce on 2 3-folid front vertex : 3-fold
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THE OCTAHEDRON
8 faces : 12 edges : 6 vertices

The ocrahedron is made of eight equilateral rriangles, four meeting
at every vertex. Plato considered the octahedron an intermediary
between the tetrabedron, or Fire, and the icosahedron, or Water, and
thus ascribed it to the element of Air. The octahedron has six 2-fold
axes passing through opposite edges, four 3-fold axes through its face
centers and three 4-fold axes through opposite vertices {(helow). Solids
combining these rotation axes display octahedral symmetry.

Greek writings attribute the discovery of the octahedron and
icosahedron to Theaetetus of Athens (417-1608c). Book xm of Euclid's
Elernents {see page 144) is thought to be based on Theactetus’ work on
the regular solids.

The octahedron's circumradius is bigger than its inradius by a
factar of v3 (see page 377). The same relationship occurs between the
circumradius and inradius of the cube, and between the circumradius
and midradives {and the midradivs and inradins) of the tetrabedron,

The terrahedron, the octahedron and the cube are all found in the
mineral kingdom. Mineral diamonds and common fluorite cryseals
often form octahedra,

edge ov : 2-fold fice o - 3-fiold froun vertex ; 4-fold
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THE ICOSAHEDRON

20 faces : 30 edyes : 12 vertices

The icosahedron is composed of twenty equilateral oriangles, five
to a vertex. It has fifteen 2-fold axes, ten 3-fold axes and six s-fold
axes (below), known as jasahedral symmetry. When the tetrahedron,
octahedron, and icosahedron are made of identical triangles, the
icosahedron is the largese. This led Plato to associate the icosahedron
with Water, the densest and least penctrating of the theee fuid elements:
Fire, Air, and Warer.

The angle where two faces of a polyhedron meet at an edge is
known as a difedral anple. The icosahedron is the Platonic Solid with
the largest dihedral angles.

If you join the two ends of an icosahedron’s edge to the center of
the solid an isosceles triangle is defined—the same as the triangles that
make up the faces of the Great Pyramid at Giza. Opposing edges of an
icosahiedron form Golden Section recrangles {see page 152).

Arranging twelve equal spheres to define an icosahedron leaves
space at the center for another sphere just over nine tenths as wide as

the athers (lower, opposite right).

L

eilgpe on ¢ 2-fld farce o : 3-fordid [from vertex ; 5-fold
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THE CUBE
6 faces : 12 edges : 8 vertices

The cube has octahedral symmetry (befow). Plato assigned it to the
element of Earth due to the stability of its square bases. Aligned to our
experience of space, it faces forwards, backwards, righe, left, up, and
down, corresponding to the six directions North, South, East, West,
zenith, and nadir. As we saw in Book 1 of this volume, six is che first
perfect number, with factors adding up to isself {1 +2+ 3=6).

Add the cube’s rwelve edges, the ewelve face diagonals and the four
interior diagonals to find a total of ewenty-cight straight paths joining
the cube’s eight vertices to each other. Twenty-eight is the second
perfect number (1+2+4+7+ 14=28).

lslam's annual pilgrimage is to the Kaaba, literally Cube, in
Mecca. The sanctuary of the Temple of Solomon was a cube, as is
the crystalline New Jerusalem in Saint John's revelation. In 430ec
the oracle at Delphi instructed the Athenians to double the volume
of the cubic altar of Apollo, whilst maintaining its shape. "Doubling
the cube’, as the problem became known, ultimately proved impossible

using Euclidean geometry alone.

eige o ; 2-fold from verlex : 3-fold flace i 2 d-<foid
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THE DODECAHEDRON

12 firces : 30 edyges @ 20 vertices

The beautiful dodecahedron has ewelve regular pentagonal faces, three
of which meet at every vertex. Its symmetry is icosahedral (helow),
Like the teerahedron, or pyramid, and the cube, the dodecahedron
was known to the early Pythagoreans and was commonly referred to
as the sphere of twelve pentapons. Having detailed the other four solids
and ascribed them to the elements, Platos Timaeus says enigmarically
“There remained a fifth construction which God used for embroidering
the constellations on the whole heaven.”

A dodecahedron sitting on 2 horizontal surface has vertices lying
in four horizontal planes which cut the dodecahedron inta three pares.
Surprisingly, the middle part is equal in volume to the others, so each
is one third of the total! Also, when set in the same sphere, the surface
areas of the icosahedron and dodecabedron are in the same ratio as their
volumes, and their inspheres are identical.

"Fool's Gold', or iran pyrite, forms crystals much like the dodecahedron,
but don't be fooled, their pentagonal faces are not regular and their
symmetry is tetrahedral.

edge on ; 2-fold from vertex | 3-fold face owr : 5-fold
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A SHORT PROOF

are there really only five?

A repular polyoon has equal sides and angles. A repular polphedron has equal
regular polygon faces and identical vertices. The Platonic Solids are the
only possible sorvex regular polyhedra. In book xm of his Elements Enclid
of Alexandria {a. 325-265 8c) proves that each of these five convex
regular polyhedra can be constructed, and concludes by demonstrating
that there are no other possibilities.

At least three polygons are needed to make a solid angle. Using
equilateral triangles this is possible with three s, four «bs and five «
around a point. With six the resule lies flat «fs. Three squares make a
solid angle «e, but with four «f a limit similar to six eriangles is reached.
Three regular pentagons form a solid angle <, but there is no room,
even lying fat, for four or more. Three regular hexagons meeting at
a point lie flat ke, and higher polygons cannot meet with three around
a point, so a final limit is reached. Since only five solid angles made of
identical regular polygons are possible, there are at most five possible
convex regular polyhedra.

The angle left as a gap when a polvhedron’s vertex is tolded flat
is its angle deficiency. Reené Descartes (15061650 discovered that the
sum of a convex polyhedron’s angle deficiencies always equals 7207,
or twa full turns. Later, in the eighteenth century, Leonhard Euler
(1707-1783) noticed another peculiar fact: in every convex palyhedron
the number of faces minus the number of edges plus the number of
vertices equals two.
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ALL THINGS IN PAIRS

platonic solids fwe by o

Whar happens it we join the tace-centers of the Platonic Solids? Starting
with a tetrahedron, we discover another, inverted, tetrahedron. The
face-centers of a cube produce an octahedron, and an octahedron creates
acube. The icosahedron and dodecahedron likewise produce each other,
Two polvhedra whose faces and vertices correspond perfecely are known
as each other's duals. The tetrahedron is self-dual. Dual polyhedra have
the same number of edges and the same symmetries.

The illustrations oppaosite are stercogram pairs. Hold the book at
arm’s length and place a finger vertically, midway to the page. Focus
on the finger and then bring the central blurred image into focus. The
image should jump into three dimensions!

Dhual pairs of Platonic Solids can be married with their edpes
touching at their midpoints to give the compound pelyhedra shown
below. Everything in Creation has its counterpart or opposite, and
the dual relationships of the Placonic Solids are 2 beautiful example

of this principle.







AROUND THE GLOBE

in elegant ways

Plato’s cosmology constructs the Elemental Solids from owo types of
right-triangular atom. The first atom is half an equilateral triangle,
six of which then compound to produce larger equilateral triangles;
these go on to form the tetrahedron, actahedron and icosahedron. The
second triangular atom is a diagonally halved square, which appears in
fours, making squares which then form cubes.

The Platonic Solids have planes of symmetry dividing them
into mirror image halves; the tetrahedron has six mirror planes, the
octahedron and cube have nine, and the icosshedron and dodecahedron
have fifteen. When the tetrabedron, octahedron and icosahedron are
constructed from Plato's triangular atoms, paths are defined which
make their mirror planes explicit. The cube however needs rwice as
matry triangular divisions as Plato gave it fap row) to delineate all iss
mirror planes {piddie fou).

Projecting the subdivided Platonic Solids onto their circumspheres
produces theee spherical systems of symmetry. Each spherical system is
defined by a characeeristic spherical triangle with one right angle, and
one angle of one third of a half rurm. Their third angles are respectively
one third of a half turn {tep row), one quarter of a half tuen (middle row)
and one fifth of a half turn (lower rowd). This sequence of 14, 44, and %
elegantly inverts the Pythagorean whole number triple 3, 4, 5.
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ROUND AND ROUND

lesser circles

Any navigator will tell you that the shortest distance between two
points on a sphere’s surface is always an arc of a grear cirde. When a
polvhedron’s edges are projected onto its circamsphere the result is a set
of great circle arcs known as a radial projection. Opposite, the left hand
column shows the radial projections of the Platonic Solids with their
great circles shown in doteed line.

A spherical circle smaller than a great circle is called a lesser cinde,
Tracing a circle around all the faces of the Platonic Solids set in
their circumspheres generates the patterns of lesser circles shown in
the middle column. The apocryphal book xiv of Euclid’s Elements
praves that when set in the same sphere, the lesser circles around the
dodecabedron's faces {fourth row) are equal to the lesser circles around
the icosahedron's faces (fifth row). The same is true of the cube (second
reit’) and the octabedron {thind rew) 13 a pair.

Shrink the lesser circles in the middle colomn until they just
touch each other to define the five spherical euriosities in the right
hand column. Many neclithic carved stone spheres have been found
in Scotland carved with the same patterns as the firse four of these
arrangements {see page 7). The dodecahedral carvings of twelve circles
on a sphere, some 4,000 years old, are the earliest known examples of
man-made designs with icosahedral symmetry.

Large lesser circle models can be made from circles of willow, ar
cheap huls-hoops, lashed cogether with wire, string, or tape.
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THE GOLDEN SECTION

and some intriguimy pxtapositions

Dividing a line so thar the shorter section is vo the longer as the longer
secrion is to the whole line defines the Golden Section (belme). The
Golden Section proportion is an irrational number, inexpressible as a
simple fraction {see papes 54 and 377}, Its value is one plus the square
root of five, divided by two—approximately 1.618. It is represented
by the Greek letter o {phi), or sometimes by 7 {taw). @ has intimate
connections with unity; @ rimes itself {1} is equal to @ plus one
(2.618...), and one divided by & equals @) minus one (p618..). Itis
innately related to fivefold symmetry; the heavy lines in the pentagram
below form a continuous series of Golden Section relationships.
Remove a square from one side of a Golden Section rectangle and
the remaining rectangle will also have sides in the Golden Section.
This process can continue indefinitely and establishes a Golden Section
spiral (helow right). Pemarkably, an icosshedron’s twelve vertices are
defined by three perpendicular Golden Section rectangles (opposite top).
The dodecahedron is richer still. Twelve of its twenty vertices are
defined by three perpendicular 4* recrangles. and the remaining eight
vertices are found by adding a cube of edge length & (lower, pposite).
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POLYHEDRA WITHIN POLYHEDRA

and so proceed ad infinitum

The Platonic Solids fit together in remarkable and fascinating ways;
the appendix on page 376 shows many relationships. The upper
stereogram pair opposite shows a dodecahedron with edge length ane.
Mested inside it is 2 cube, edge length @, and a tetrahedron, edge length
vz times the cube’s see page 377). The tetrahedron occupies one third of
the cube’s volume.

In the lower stereogram pair opposite, the six edge midpoints of
the tetrahedron define the six vertices of an octahedron. As well as
halving the tetrahedron’s edges this octahedron has half its surface area
and half its volume, perfectly embodying the musical octave ratio of
1:2. Similarly the twelve edges of the octahedron correspond to the
rwelve vertices of a nested icasahedron. The icosahedron's vertices cut
the octahedron’s edges perfectly in the Golden Section {see page 146 for
isestrstctions on howr to make these stereogram images o jump into 3-1).

Imagine these two sets of nestings combining to give all hve
Platonic Solids in one elegant arrangement. Since the outer dodeca-
hedron defines a larger icosahedron by their dual relationship, and
the inner icosahedron likewise defines a smaller dodecahedron, the
nestings can be continued outwards and inwards o infinicy.

The tetrahedron, octabedron, and icosahedron, made entirely from
equilateral triangles, are comvex deltabedra. There are only five other
possible convex deltahedra, all shown lower, opposite.
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COMPOUND POLYHEDRA

a stretch n_,l" the :'mngirmtim!

The interrelationships on the previous pape generate particularly
beautiful compound polyhedra. Fix the position of an icosahedron,
and octahedra can be placed around it in five different ways, giving
the compound of five octahedra (tep leff). Similarly the cube within
the dedecahedron, placed five different ways, generates the compound
of five cubes {top right). The tetrahedron can be placed in the cube
rwo different ways to give the compound of two tetrahedra shown
on page 146. Replace each of the five cubes in the dodecahedron
with two retrahedra to give the compound of ten tetrahedra (prididie
left). Femove five of the tetrahedra from the compound of ten, to
leave the compound of five tetrahedra (middle right). This occurs in
two versions, right-handed or dextro and left-handed or laevo; the
two versions cannot be superimposed and are described as cach
others’ enantiomarphs. Polyhedra or compounds with this property of
‘handedness’ are described as chiral.

Returning to the cube and dodecahedron, and this rime fixing
the cube, there are two ways to place the dodecahedron around it.
The result of both ways used simultancously is the compound of
two dodecahedra {lower lefi]. In the same way the octahedron and
icosahedron pair gives the compound of two icosahedra (lower right),
Many other extraordinary compound polyhedra are possible, for
example Bakos' compound of four cubes is shown on page 125,
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THE KEPLER POLYHEDRA

the stellated and great stellated dodecahedron

The sides of some polygons can be extended uneil they meet again,
for example the regular pentagon extends to form a five-pointed star,
or pentagram [below). This process is known as stellation. Kepler had a
great fascination with polyhedra {see for example page 306) and propased
the application of stellation to them, observing the twao possibilities of
stellation by extending edges, and stellation by extending face planes,
Applying the first of these to the dodecahedron and icosahedron {hefow)
he discovered the two polyhedra illustrated opposite and named them
the larger and smaller icosahedral hedgehogs!

Their modern names, the stellated dodecahedron (sppasice top) and
the great stellated dodecahedron (lower, opposite), reveal that these
polyhedra are also two of the face stellations of the dodecahedron.
Each is made of twelve pentagram faces, one with five, the other with
three to every vertex. They have icosahedral symmetry.

Although its five sides intersect cach ocher, the pentagram has equal
edges and equal angles at its vertices and so can be considered a non-

convex regiilar poygon. Likewise, these polyhedra can be regarded as mon-
covex reuilar polyfedra.
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THE POINSOT POLYHEDRA

the great dodecahedron and great icosahedron

Louis Poinsot (1777-184g) investigated polyhedra independently of
Kepler, rediscovering Kepler's two icosahedral hedgehogs and also
discovering the two polyhedra shown here, the great dodecahedron
[tap) and the great icosahedron (lower). Both of these polyhedra have
five faces to a vertex, intersecting each other to give pentagram vertex
figures. The great dodecahedron has twelve pentagonal faces and is
the third stellation of the dodecahedron. The great icosahedron has
twenty triangular faces and is one of an incredible fifty-eight possible
stellations of the icosahedron (often numbered as fifty-nine including
the icosahedron itself). These stellations also include the compounds
of five octahedra, five tetrahedra, and ten tetrahedra.

A non-convex regular polyhedron must have vertices arranged
like one of the Platonic Solids. Joining a pelyhedron's vertices to form
new types of polygon within it is known as faceting. The possibilities
of faceting the Platonic Solids produce the compounds of two and ten
tetrahedra, the compound of five cubes, the two Poinsot palyhedra (helow
left) and the two Kepler star polyhedra (below right). The four Kepler-
Poinsat polyhedea are therefore the only non-convex regular palyhedra.
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THE ARCHIMEDEAN SOLIDS

thirteen semi-regular polyhedra

The thireeen Archimedean Solids (oppasite) ave the subject of much of
the rest of this book. Also known as the semi-repular polyhedna, they have
regular faces of more than one type, and identical vertices. They all fic
perfectly within a sphere, with tetrahedral, octahedral or icosahedral
symmetry. Although their carliest attribution is to Archimedes, Kepler
seems o have been the first since antiquiry to describe the whole set
of thirteen in his Harmonices Mundi. He further noted the two infinite
sets of regular prisms and antiprisms {examples belme) which also have
identical vertices and regular faces.

Turn one octagonal cap of the thombicuboctahedron by an cighth
of a ture to obtain the pseudo-rhombicuboctahedron (befow). 1ts
vertices, while surrounded by the same regular polygons, are of e
types relative to the polyhedron as a whale.

There are fifty-three semi-regular non-convex polyhedra, one
example being the dodecadodecahedron {helow). Together with the
Platonic and Archimedean Solids, and the Kepler-Poinsot Palyhedra,
they form the set of seventy-five Unifarm Polihedra.
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FIVE TRUNCATIONS

u_ff with their corners!

Truncate the Platonic Solids to produce the five equal-edged
Archimedean polyhedra shown here. These truncated solids are the
perfect demonstration of the Platonic Solids’ vertex figures: triangular
for the tetrahedron, cube and dodecahedron, square for the octahedron
and pentagonal for the icosahedron. Each Archimedean Solid has one
circumsphere and one midsphere. They have an insphere for each rype
of face, the larger faces having the smaller inspheres touching their
centers. Each truncated solid therefore defines four concentric spheres,

The five truncated solids can each sit neatly inside both their
original Platonic Solid and that Platonic Solid’s dual. For example
the truncated cube can rest its octagonal faces within a cube or its
triangular faces within an octahedron.

The truncated octahedron is the only Archimedean Solid chat
can fill space with identical copies of itself, leaving no gaps. It also
conceals a less obvious secret. Joining the ends of ane of its edges to
its center produces a central angle which is the same a5 the acute angle
in the famous Pythagorean 3:4:5 triangle, beloved of ancient Egyprian
masons for defining a right angle.
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THE CUBOCTAHEDRON

14 firces : 24 edges @ 12 vertices

The cuboctahedron combines the six square faces of the cube with the
eight triangular faces of the octabedron. It has octahedral symmetry.
Joining the edge midpoines of either the cube or the actahedron
traces out a cuboctahedron (shown below as a stereopram pair).
According to Heron of Alexandria (1075 ap), Archimedes ascribed
the cuboctabedron to Plato.

Quasiregeilar polyhedra such as the cuboctabedron are made of two
types of regular palygon, each type being surrounded by polygons
of the other type. The identical edges, in addition to defining the
faces themselves, also define equatorial polygons. For example the
cuboctahedron’s edges define four regular hexagons (lower, opposite
center). The radial projections of quasiregular polyhedra consist entirely
of cu:nmp]:n: great circles (lower, apposite leff).

Twelve spheres pack around an identical thirteenth to produce
a cuboctahedron (lower, opposite right). Greengrocers use this system
to stack oranges in offser hexagonal layers. Known to chemists as
hexagonal close packing each sphere is surrounded by rwelve others,

their centers defining a strong lattice of tetrahedra and octahedra.
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A CUNNING TWIST

and a structural iponder

Picture a cuboctahedron made of rigid strues joined at fexible
vertices. This structure was named the fitterbug by B Buckminster
Fuller {1895-1983), and is shown opposite with the rigid triangular
faces filled in for clarity. The jitterbug can be slowly collapsed in
on itself in two ways so that the square 'holes’ become distarted.
When the distance beeween the closing corners equals the edge length
of the triangles, an icosahedron is defined. Continue collapsing the
structure and it becomes an octahedron. If the top triangle is then
given a twist, the structure flattens to form four triangles which close
up to give the terrahedron.

Geodesic domes are another of Buckminster Fuller's seructural
discoveries, These are parts of geodesic spheres, which are formed
by subdividing the faces of a triangular polyhedron, wsvally the
icosahedron, into smaller triangles, and then projecting the new
vertices cutward to the same distance from the center as the original
ones (helow). A distant relative of the peodesic sphere is the popular

Reenaissance polyhedron of seventy-two sides known as Campanus’

sphere (helow right).
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THE ICOSIDODECAHEDRON

32 faces : 6o edyes : 30 vertices

The icosidodecahedron combines the twelve pentagonal faces of the
dodecahedron with the twenty triangular faces of the icosahedron.
Joining the edge midpoints of either the dodecahedron or the
icosahedron traces out the quasiregular icosidodecahedron (bath are
shonint belor as a stereogram pair). Its edges form six equatorial decagons,
piving a radial projection of six great circles (lower, opposite left).

The earliest known depiction of the icosidodecahedron is by
Leonardo Dia Vinci (1452-1519) and appears in Fra Luca Pacioli's (1445~
1517) D Diving Proportione. Appropriately this work's main theme is
the Golden Section, which is perfectly embodied by the ratio of the
icosidodecahedron’s edpe to its circumradius.

Dehining the icosidodecahedron with thirty equal spheres leaves

space for a large central sphere that is 5 (see page 777} times as big as the
others ({over, opposite right).
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FOUR EXPLOSIONS
expanding frﬂm the center

Exploding the faces of the cube or the octahedron ourwards until they
are separated by an edge length (helow) defines the rhombicuboctahedron
(appasite top left). The same process applied to the dodecahedron or
icosahedron gives the thombicosidodecahedron {spposite top right). The
octagonal faces of the truncated cube, or the hexagonal faces of the
truncated octahedron, explode to give the great thombicuboctahedron
(loswer, apposite leff). The decagonal faces of the rruncated dodecahedron,
or the hexagonal faces of the truncated icosahedron, :xplndt to give
the great thombicosidodecahedron {lower, apposite right).

Kepler called the great rhombicuboctahedron a truncated
cuboctahedron, and the great thombicosidodecahedron a truncated
icosidodecahedron. The two truncations he reters to, however, do not
produce square faces, but v2 and @ rectangles respectively.

These four polyhedea have face planes in commeon with either
the cube, octahedron and rhombic dodecahedron (see page 179), or the
icosahedron, dodecahedron, and rhombic triscontahedron {see page 17g),
hence the prefix 'thombi-' in their names.
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TURNING

the simub cube and snmub dodecahedron

The pame ‘snub cube” is a loose translation of Kepler's name cubus
simus, literally ‘the squashed cube’. Both the snub cube and the sub
dodecabedron are dhiral, occurring in dextre and leeve versions. Both
versions are illustrated opposite with the dextro versions on the right.
The snub cube has octahedral symmetry, and the snub dodecahedron has
icosahedral symmetry. Neither has any mirror planes. Of the Plaronic
and Archimedean Solids the snub dodecabedron is closest to the sphere,

The rhombicuboctahedron {previons page} can be used to make a
structure similar to the jirterbug (see page 165). Applving a rwise to this
new structure produces the snub cube (helow). Twist one way o make
the dextra version and the other to make the laevo. The corresponding
relationship exists berween the rhombicosidodecahedron and the
snub dodecahedron.

The five Platonic Solids have been truncated, combined, expladed
and twisted into the thirteen Archimedean Solids. Three-dimensional
space is revealing its order, complexity and subtlery. What other

wonders await?
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THE ARCHIMEDEAN DUALS

everytihing has its opposite

The duals of the Archimedean Solids were first described as a group by
Eugéne Catalan {1814-184) and are positioned opposite to correspond
with their partners on page 163, To create the dual of an Archimedean
Solid, extend perpendicular lines from its edge midpoints, tangential
to the Solid's midsphere. These lines are the dual’s edges; the points
where they first intersect each other are its vertices. Archimedean
Solids have one type of vertex and different types of faces, their duals
therefore have one type of face but different types of vertices.

The two quasiregular Archimedean Solids, the cuboctahedron and
the icosidodecahedron, both have thombic duals which were discovered
by Kepler. The Platonic dual pair compounds (pages 146, 166, and 170)
define the face diagonals of these thombic polyhedra, which are in
the ratios v for the rhombic dodecahedron and 4 for the rhombic
triascontahedron. Kepler noticed that bees terminate their hexagonal
honeycomb cells with three such vz thombs. He also described the
three dual pairs involving quasiregular solids (helow), where the cube

is seen as a rthombic solid, and the octahedron as a quasiregular solid.
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MORE EXPLOSIONS

and unseen dimensions

Exploding the rhombic dodecahedron, or its dual the cuboctahedron,
results in an equal-edged convex polyhedron of hifey faces [opposite top
right}. Meanwhile, the exploded rhombic triacontahedron, which is
identical with an exploded icosidodecahedron, has one hundred and
rwenty-two taces (lower, opposite right).

Ludwig Schlifi {1814-18g3) proved that there are six regular four-
dimensional polytopes {generalisations of polyhedra): the s-cell made
of tetrahedra, the 8-cell or tesseradt made of cubes, the 16-cell made
of tetrahedra, the 24-cell made of octahedra, the 120-cell made of
dodecabedra, and the Goo-cell made of tetrahedra.

The rhombic dodecabedron is a three-dimensional shadow of the four-
dimensional tesseract analogous to the hexagon 25 a rwo-dimensional
shadow of the cube. In a cube two squares meet at every edge. Ina
tesseract three squares meet at every edge. Squares through the same edge
define three cubes [shaded belwe, with an alternative tesserat projection).

Schlifi also proved that in five or more dimensions the only regular
polytopes are the simplex, or generalized tetrahedron, the fypercube, or
gencralized cube, and the orthoplex, or generalized octahedron.
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INTRODUCTION

M:N? oF THE DRAWINGS in this book were produced by a simple
cientific instrument known as 3 harmonograph, an invention
attributed to 2 Professor Blackburn in 1844. Towards the end of
the nineteenth century there seems to have been a vogue for these
instruments. Victorian gentlemen and ladies would artend soirdes or
conversaziones, gathering round the instruments and exclaiming in
wonder as they watched the beauriful and mysterious drawings appear.
A shop in London sold portable models that could be folded into a case
and taken to a party. There may well be some of these instruments
hidden in lofis throughout the country.

From the moment | first saw drawings of this kind 1 was hooked:
not only because of their strange beauty, but because they seemed o
have a meaning—a meaning which became clearer and deeper as |
found out how to make and operate 2 harmonograph. The instrument
draws pictures of musical harmonies, linking sight and sound.

However, before going any further 1 feel I should issue a health
warning. If you too are tempted to follow this path, beware! It is both
fascinating and time-consuming,

I should acknowledge my debt to a book called Harmanic Vibrations.
It was coming across this book in a library soon after the end of the
second world war that introduced me to the harmonograph. Seeing
that the book had been published by a firm of scientific instrument
makers in Wigmore Street [ 'went one day to see if they were still there,
They were, though reduced merely to making and selling projectors.
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I went into the shop and held up my library copy of the book for the
elderly man behind the counter to see.

“Have you any copies of this book left?” 1 asked him.

He stared at me as though | was some sort of ghost, and shuffed
away without a word, returning in a tew minutes with a 1:1:.15:1_.-',
unbound copy of the book.

*That's marvelous,” | said, "how much do you want for it?”

“Take it", he said, “it's our last copy, and we're closing down
COMIOTTOW.

S50 | have always fele that someday [ must write this book.
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THE DISCOVERY OF HARMONY

on passing a blacksmith

To unperstano what the harmonograph docs we need first to glance at
the elements of musical theory.

Pythagoras, some 2,500 years ago, is credited with discovering that
the pleasing experience of musical harmony comes when the ratio of
the frequencies consists of simple numbers. A famous story rells of
him walking past a blacksmith’s shop. Hearing familiar harmonies in
the ringing tones of the hammers on the anvil, he went in and was
able to determine that it was the weighes of the hammers which were
responsible for the relative notes. A hammer weighing half 2s much as
another sounded a note mwice as high, an sctave (2:1). A pair weighing 3:2
sounded beauriful, a fifth apart. Simple ratios made appealing sounds.

Although the myth is acoustically unsound, the picrure opposite
nevertheless shows the kinds of experiments the great philosopher
purportedly went on to make {from Gafurio's Theorica Musice, 1493},
as he found thar all simple musical instruments work in much the same
way, whether they are struck, plucked or blown.

Dreeply impressed by chis link berween music and number, Pythagoras
drew the metaphysical conclusion tha all nature consists of harmony
arising from number, precursor to the modern physicist’s assumption that
nature comforms to laws expressed in mathematical form. Looking at the
picture you will see that in every example, hammers, bells, cups, weights
or pipes, the same numbers appear: 16, 12,9, 8, 6, and 4. These numbers
can be paired in quite a few ways, all of them pleasant to the ear, and, as
we shall see, abso pleasant to the eye.
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THE MONOCHORD OF CREATION

a singular string theory

There are seven octaves in the keyboard of a piano and nearly elevenin
the total range of sound heard by the average person. The highest note
of each octave has a frequency twice that of the first so the frequencies
increase exponentially, on a sale beginning at 16 cycles per second
(16 Hertz) with the lowest organ note and ending with about 20,000 per
second. Below 16 Hz we experience dhythm. A range of ten octaves
represents about a thouwsandfold increase in frequency (212=109),

Robert Fludd's 17 century engraving of a monochord {opposite}
shows the notes of the scale arranged in exponential fashion along a
single string, with each assigned to planets or elements.

There is a hint here of what we can think of as the ‘great monochord'
of the universe, also on a scale, this time stretching from a single
quantum fluctuation at the bottom, to the observable universe at the top,
passing through the various ‘octaves” of atom, malecule, quantities of
solid, liquid and gaseous matter, creatures great and small, planets, stars
and galaxies. Here too the scale is exponential, but usually measured in
powers of ten, and covering a range of more than 10%.
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OVERTONES AND INTERVALS

harmonic ratios in and outside the octave

How are musical scales constructed? Listen very carefully as you pluck
2 string, and you will hear not only the main note, or tonic, but also a
multitude of other harmonics, the evertones.

Owertones are any frequencies which are whole number muleiples of
the original frequency (spposite top). These harmonic resonances, 211, 31,
421 ete, affect not only strings and ringing hammers, but abso columns of
air and plates. Touching a string with a feather at the halfway or third
point (helo) encourages regularly spaced stationary poines, called sades,
and an overtone can be produced by bowing the shorter side.

Musicians, however, need notes which are a little closer together
than the overtone series, notes with inrervals which harmonize within
an octave. The lower diagram opposite shows the early overtone series
on the left, with the corresponding intervals developing within the
octave on the right, in order of increasing dissonance, or complexity.

"All discord harmony not understood” wrote Alexander Pope.
The brain seems to grasp casily the relationships implicit in simple
harmonies, an achievement bringing pleasure; but with increasing
complexity it falters and then fails, and failure is always unpleasant.
For most people enjoyment fades as discord increases. And, as we shall
see, that is where the harmonograph drawings fade too.
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TONES AND HALFTONES
the fourth and fifth get their names

Pythagoras’ hammers hide a set of relationships dominated by octaves
(2:1), fufths [3:2) and fourths {4:3). The fifth and fourth combine to make
an octave (3:2#4:3=2:1), and the difference between them (3:2 < 4:3) is
called a tone, value g8

A natural pattern quickly evolves, producing seven discrete nodes [or
nofes) from the starting vone (or towi), separated by two halftones and five
tones, like the Sun, Moon and five planets of the ancient world.

The interval of the fifth (3:2), the leap to the dwninant, naturally
divides into a major third and minor third {in Just tuning 3:2= 514 6:5).
The major third essentially consists of two tones, and the minor third
of a tone and a halftone. The thirds can be placed major before minor
[t give the major scale shown in the thind row apposite), or in other ways.

D:pm:ljug on your harmonic moves, or metody, different snings appear,
for example two perfect tones (0:8 = 0:8 = B1:64) are nor in fact the pertect
major third 5:4, bue are dightly sharp as 81:80 {the symtonic comma, the Indian
shiruti, or comema of Didymaes), more of which later.

Simple ratios, the octave and fifth, have given rise to a basic sale, 2
pattern of tones and halftones and, depending on where in the sequence
you call home, seven mades are possible (see page 382).
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DERIVING THE SCALE

monochord, major chord, and tetrachord

The classical device for exploring musical harmonies was the monechard,
an instrument with a single string stretched over a sound box, with a
movable bridge (s page 191). Opposite top, we see how the three core
harmonic relationships we met on the previous page, the octave, fifth,
and fourth, produce the major scale from their early overtones.

The modern major scale can be divided into two similar tetrachonds,
separated by a tone, with each spanning the interval of a perfect fourth:
C, D, E, Fand G, A, B, C' {the ancient Greek tetrachord was a series of
four notes spanning the root and fourth). Looking at these, it is clear
that F is the fourth of C, just as C' is the fourth of G, and C' is also the
fifth of F, because a fifth up is a fourth down and vice versa. Building
fifth upon fifth clockwise, or fourth upon fourth anticlockwise, results
in what is known as The Circle of Fifths, in which each new tone is the
second overtone {3:1, the octave plus fifth) of its predecessor. In the
simplified partial diagram (lower, appasite) the tonic, C, is fanked by its
fourth F (its subdominant), and its fifth G {ics dominane) (see too page 227).

Scales can be derived in various ways. The harmenic scale consists
of the third octave of the overtone series, CDEF GAB B C' In
classical Indian music, ragas use scales of four, five, six or seven notes,
chosen from 22 tones (which allme for the sprtonic comma, 81280, see page 104).
Traditional Persian scales use notes selected from a gamut of 17 tones,
the seven white notes on a plano plus the five black notes split down the
middle, for sharps are sot Hats (belon) (see toe papes 304-3).
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ARRANGING THE HARMONIES

the power of silence

The simple ratios of the primary overtones and undertones can be
plotted on an ancient grid known as a lambdoma [apposite top, after Albert
pon Thimus), after the greek letter k. Some intervals have the same
value [e.g., 8:4=6:3 =4:2=2:1), and if lines are drawn through these it
quickly becomes apparent that the identities converge on the silent and
miysterious ratio o:o, which is ‘outside the diagram’

A further contemplative device used by the Pythagoreans was
the Tetraktys, a rriangular arrangement of ten elemenes in four rows
(1+2+3+4=10). The basic form is given opposite lower left, the first
three rows producing the simple intervals. In another lambdoma [fower,
oppesite right), numbers are doubled down the left side and tripled down
the right, creating tones horizontally separated from their neighbours by
perfect fifths. After the trinity {1, 2 and 3) notice the numbers produced,
4,6, 8,9, 12, and then look again at the picture on page 18g.

Below we sec a fuller range of monochord positions, with the
overtones on the right, and intervals on the left (see pages 103 and 193).
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LISSAJOUS FIGURES

sound made shape

In the mid nineteenth cencury a French m:ﬂmtmatin:i:m,jui:i Lissajous,
devised an experiment: He found that if 2 small mirror was placed at
the tip of a tuning fork, and a light beam aimed at it, then the vibration
could be thrown on to a dark screen. When the tuning fork was struck,
a small vertical line was produced and if quickly cast sideways with
another mirror it produced a sine-wave (belee).

Lissajous wondered what would happen if instead of casting the
wave sideways he were to place another tuning fork ar right angles to
the firse to give the lateral motion. He found that tuning forks with
relative frequencies in simple ratios produced beautiful shapes, now
known as Lissajous hgures.

On the screen {pppasite tap), we see the octave {2:1) as a figure of eight,
and below it various phases of the major and minor third. These were
some of the first fleeting pictures of harmony, which were doubtless
familiar to Professor Blackburn when he devised the harmonograph.
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THE PENDULUM

keeping time

A fundamental law of physics {in one formulation) states that left to itself
any closed system will always change towards a state of equilibrium
from which no further change is possible.

A pendulum is a good example. Pulled off center tostart, it s in a state
of extreme disequilibrium_ Released, the momentum of its swing carries
it through nearly to the same point on the other side. As it swings it loses
eneegy in the form of heat from friction at the fulerum and brushing
against the air. Eventually the pendulum runs down, finally coming to
rest in a state of equilibrium at the center of its swing.

Going back 500 years, Galileo, watching a swinging lamp in the
cathedral of Pisa, realized the frequency of a pendulum’s beat depends
on its length: the longer the pendulum the lower the frequency. So
the frequency can be varied at will by fixing the weighe at different
heights. Most importantly, as the pendulum runs down, the frequency
stays the same,

Here, therefore, is a perfect way to represent a musical tone, slowed
down by a factor of about a thousand to the level of human visual
perception. For a simple harmonograph two pendulums are used to
represent a harmony, one with the weight kept at its lowest point,
while the weight on the other is moved to wherever it will produce
the required ratio.

As we shall see, the harmonograph combines these two vibrations
into a single drawing, just as two musical tones sounded together

produce a single complex sound.
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TWO HARMONOGRAPHS

lateral and rotary

In the simplest version of the instrument two pendulums are suspended
through holes in a table, swinging at right angles to each other.
Prajected above the table, the shaft of one pendulum carries a small
platform with a piece of paper clipped to it, while the shaft of the other
pendulum carries an arm with a pen.

As the pendulums swing the pen makes a drawing that is the result
of their combined motion (e loft side soposize). Both pendulums begin
with the same length, further drawings can be obeained as one is then
shortened by sliding the weight upwards and securing it with a clamp
at various points. The harmonic ratios can be displayed in rurn,

By using three pendulums howewer, two circular, or retary,
movements can be combined, with fascinating results (see right side
oppasite). Two of the pendulums swing at rig|1t angles as befare, but are
now both connected by arms to the pen, which in all rotary designs
describes a simple circle.

Siuated under the circling pen, the third and variable penduhim is
mounted on gimbals, a device familiar to anyone who has had to use a
compass of cooking stove at sea. Here it acts as a rotary bearing, enabling
the pendulum carrying the table to swing in a second cirele under the pen.
As the pen is lowered the two circles are combined on the paper.

A further source of variation is also introduced here, for the two
circular motions can swing in the same {concurrent) or apposite
[countercurrent) directions, producing astonishing drawings with very
different characeeristics (see appendices on pages 354-38).
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SIMPLE UNISON 1:1

and the arrow of time

The simplest harmonograph drawing is produced when both penduhims
are the same length and the table is stationary. With the pen held off
the paper both pendulums are pulled back to their highest points. One
is released, followed by the other when the first is at its mid-point. The
pen is then lowered on to the paper to produce a circle developing into
a single spiral.

If the two pendulums are released together then the result will be 2
straight diagonal line across the paper, the ‘closed” phase of the harmony,
as opposed to the circular ‘open’ phase. At intermediate phase points
elliprical forms appear [below).

The running-down of harmonograph pendulums i an exact paralle]
to the fading of musical notes produced by plucked strings, and can
also be thought of as graphically representing the “arrow of time’ (s
oppasite), with the unchanging ratios of the frequencies representing the
eternal character of natural law. The characreristics of the drawings
result from the meeting of the running-down process with the laws’
represented by the various frequency ratios. We see that music, like the
world, is formed from unchanging mathematical principles deploved in

time, creating complexity, variety and beauty.
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NEAR UNISON

lateral phases and beat frequencies

A source of pleasing variety in harmonograph drawings comes from
small departures from perfect harmonies. This seems to involve a
principle widespread in nature as well as in the work of many arcists.
There is a particular charm in the near-miss.

An example from music suggeses itself here. When two notes are
sounded in near unison, the slight difference in their frequencies can
often add richness or character to the sound. The two reeds producing
a single note in a piano accordion have slightly different frequencies,
the small departure from unison causing “beats’, a subtle warbling o
throbbing sound (see page 383).

Set the weights for unison and then shorten the variable pendulum
slightly. Swing the pendulumsin open phase, producing a circle turning
into an increasingly narrow ellipse and then aline. If the pen is allowed to
continue, the line will change into 2 widening ellipse, a cirdle, and a line
again at right angles to the first. And so on. The instrument is working
its way through the phases of unison shown on page 206,

If the variable pendulum is then further shortened in stages, a
series of drawings like those opposite will be produced. The reperitive
pattern represents ‘beats’ with increasing frequency as the discrepancy
between the notes widens. Eventually the series fades into a scribble
that is a fair representation of discord, though even here there is a hint
of some higher-number partern.

For most people this fading of visual harmeny occurs at about the
same point as the audible harmonies fade.
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ROTARY UNISON 1:1
egys and shells

At first this is disappointing: unison in contrary motion produces a
straight line across the paper, like the closed phase of lateral unison.
From concurrent motion there comes a mere dot that turns into a line
struggling towards the center, pen and paper going round together.

However, changing to near-unison is richly rewarding. In contrary
motion come a variety of beautiful, often shell-like, forms with fine
cross hatchings, For best resules life the pen off the paper well before
the pendulums reach equilibrium.

Surprisingly, from concurrent near-miss motion there come various
spherical or egg-shaped forms. To produce an ‘egg’ the pen should
be lowered when it is dawdling at the center. 1t then spirals its way
outwards, reaching a limit before returning as the pendulums run
down. Because the lines toward the perimeter get closer together, the
drawing appears three-dimensional.

2D Ak G R AR
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THE LATERAL OCTAVE 2:1

figures of eight and wings

After unison the next harmony to try is the actave. Here there isa
technical difficuley, for the variable pendulum has to be very shoet, and
because of the greater amount of friction involved runs down quickly,
The trick is to add a weight to the top of the invariable pendulum, which
slows it down (s page 183). The variable pendulum can then be longer.

Untortunately this means that for the octave, and other ratios where
one pendulum is going much faster than the other, the theoretical
markers have to be ignored, and the right point found by trial and error.

With one pendulum beating twice as fast and at right angles to the
other, the octave in open phase takes the form of a igure-of-eighr (a
coincidence}, repeated in diminishing size as the pendulum runs down.

If both pendulums are released at the same time to produce the
closed phnh:, the result is a cup-shaped line that develops into a
beautiful winged form with fine cross-hatchings and interference
pacterns. Small adjusements produce striking variarions.

The octave is the first overtone (see page 192).
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THE ROTARY OCTAVE 2:1

hearts and triangles

From rotary motion with a 2:1 ratio come some of the mast beautiful
of all harmonograph deawings: simple, graceful and often surprising.
Remember, all that is happening here is that two circular motions, one
almast exactly twice as fast as the other, are being added together.

Contrary motion produces a trefoil shape with many fine variations
(right hand images opposite). Starting with a smaller size or amplitde in the
faster rotation produces a triangle, or pyramid.

The octave in concurrent motion produces a heart-shaped form
with a simple inner loop (below [eft and left hand column oppositél. Here
there is a link with the ancient tradition of the music of the spheres, for
this is the shape an observer on Uranus would ascribe to the movement
of Neptune, or vice-versa. This is because the planets orbit the Sun
concurrently, Uranus in 84 years and Neptune in 165, approximately
performing an octave. The planet Mercury sings a perfect octave all
by irself, as one of its days is two of its years [see Boow 11 in this valiome for
mizich more on relationships such as these).

Near-misses in the ratios of rotary drawings set the designs spinning
(Totwer, oppasite row).
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THE LATERAL FIFTH 3:2

and the second overtone 301

MNext to be ried is the harmony of the fifth, intermediate between
the simplicity of unison and octave and the more complex harmonies
thar follow.

It will be seen from the open phase drawing opposite that the fifth
has three loops along the horizontal side and two along the vertical.
The number of loops on cach side gives the ratio, 3:2. Looking back
at the octave, there are two loops to one, and with unison there is
only one 'loop’, however you look atit. This is the general rule for all
lateral harmonograph ratios, and if a harmony appears unexpectedly
during experiments, it can usually be identified by counting the lcuznp;
on two adjacent sides.

The fifth also appears as 3:1, the second overtone, a fitth above the
octave (e apen and dosed phase drawrings af 3:1 on page 187). Drawing ratios
outside the octave may require a twin-elliptic harmonograph {see page
387). The phase-shifted pair below are stereographic; if you go cross-
eved they will jump into 3-n.
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THE ROTARY FIFTH 3:2

encircled hearts and fives

The ‘loudness’ of musical tones is represented on the harmonograph
by amplitude, the relative sizes of the two circular motions. In rotary
drawings this is much more imporrant than phase, which simply orienzs
the whole design on the page.

The third drawing below shows a rotary fifth in contrary morion
where the higher-frequency, faster moving, pendulum has much the
wider swing. In the ‘spiky’ drawing to its right it is the ather way round.
At equal amplitude all lines pass through the center (see table on page 355).

The top four drawings opposite show rotary forms of 3:2, concurrent
on the left, and countercurrent on the right. The second row shows the
effect of a near-miss in the harmony, which makes the pateerns spin,

The lower two images opposite are from the 1908 book Hirmonic
Vibrations. They show the second overtone, 3:1, a fifth above the ocrave
(3:1=2:1 = 3:2), concurrent on the left, countercurrent on the right.

With concurrent pictures, the number of swirls in the middle is
given by the difference between the two numbers of the ratio. So the
concurrent patterns for the primary musical intervals 211, 3:2, 473, 54,
and 56 all have a single heare at their center.

@) © ax S
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THE FOURTH 4:3

with Hrirds, sixths, and sevenths

By now it will be evident that each harmony displays its own distinct
aesthetic character. Unison is simple and assertive.  The octave
introduces an emphatic flourish, and the ffth, while still fairly simple,
has added elegance.

With the fourth the partern becomes more complicared, though
the design is still recognisable without counting the loops. The upper
diagram opposite shows the fourth in open phase, the lower in closed
phase. Anincreasing sophistication becomes apparent, and some of the
closed phase and near-miss variants have a strange exotic quality.

Introducing perfect thirds increases the complexity. In Just
Intonation the major third {5:4) is found below the fourth, the interval
berween them a halftone which warks our as 4:1% 5.4 = 1615

A fourth and a major third {4:3 = 5:4) produce the major sixth, 5:3, 2
minor third (6:5) below the octave and a minor tone {10:g) above the
fifth. Likewise, a fourth and a minor thied (4:3 = 6:5) create the minor
sixth (B:5), a major third (5:4) below the octave and a halfrone (16:15)
abowve the fifth.

A fifth and a major chird {3:2 = 5:4) produce the major seventh, 15:8,
while a fifth and 3 minor third (3:2 % 6:5) give the minor seventh, g:5.

These are the elements of the Just scale.
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FURTHER HARMONICS

seven limit and higher number ratios

As the numbers in the ratios increase it becomes harder to distinguish
the harmonies one from another at a glance: the loops have to be
counted, and slight variations produce litele of aestheric value. A cypical
example, 7:5, is shown opposite top.

Rotary motion produces a series of increasingly complex drawings,
influenced by relative frequency, amplitude and direction, In conerary
maotion the total number of loops equals the sum of the two numbers of the
ratio. With concurrent motion the nodes mrn inwards, and their number is
equal to the difference between the two mumbers of the ratio.

The contrary drawings below show a fourth (4:3), another fourth,
a major sixth (5:3) and a major third (5:4). The lower pictures oppaosite,
drawn over a hundred years ago, show unequal amplitude drawings of
the perfect eleventh 8:3 fan octave and a fourth) and the ratio 7:3 which
is found in seven-limit jazz tuning (not covered in this book).

Two octaves and a major third (4:1 = 5:4) equal 5:1, the fourth
overtone, which differs from four fifths (3:2) as our friend 80:81, the
syntonic comma (see page 194). In mean tone tuning, popular during the
R.enaissance, this misfit was ironed out and the fifths were flattened
very slightly, to 5% ar 1.4953, falling out of tune to please the thieds

and sixths.
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AMPLITUDE

circles, polygons, flowers and another circle

Much variation can be obtained from a rotary ratio by having unequal
sizes in the two circular motions. Opposite we see two frequencies
related by a major sixth (5:3). A lower frequency note begins to be
influenced by, combines with, and is then more or less replaced by a
higher frequency one. When the two notes are at equal volume the
lines all pass through the center (e pages 386-387). Notice that che
sequence i not symmetrical.

Below we see the first three overtones. For the spikiest shapes
simply invert the amplirudes. For polypons, square them first.

If you have ever played with a ‘Spirograph’, the harmony is
determined by the cogging ratio, and it is the amplitude which is

adjusted when you change penholes on the wheel.
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TUNING TROUBLES

the Pythagorean comma

Leaving the harmonograph drawings and returning to the principles of
music, you may have noted that musical intervals do not always agree
with one another. A famous example of this is the relationship berween
the actave and the perfect fifth (3:2),

In the central piceure opposite, a note is sounded in the middle at
o, and maoved up by perfect fifths to give the sequence ¢, &, b, 4, &, etc.
(rimbered opposite, each tiire of the spiral representivg o perfect octave).  Afrer
twelve fifths we have gone up seven octaves, but the picture shows
that we have overshot the final octave slightly, and gone sharp. This
is because {344 = 12975, whereas (2)7=128. The difference is known as
the Pythagorean comma, proportionally 1.013643, approximately 74:73.

If you kept on spiralling you would eventually discover, as the
Chinese did long ago, that 53 perfect fifths {or Lij) almost exactly equal
31 octaves. The firse five fifths produce the pattern of the black notes
on a piano, the pestatonic scale (see pages 272 and 38).

The smaller pictures opposite show repeated progressions of the
major third (5:4), the minor third (6:5), the fourth (:3), and the whole
tore (5:8), all compared to an invariant actave.

It’s steange. With all this harmonious interplay of numbers you
would have expected the whole system to be a precisely coherent
whole. It isn't. There are echoes here from the scientific view of a
world formed by broken symmetry, subject to quantum uncertainty
and {so far) detying a precise comprehensive ‘theary of everything. Is
this why the ‘near miss’ is so often more beautitul than perfection?
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EQUAL TEMPERAMENT

changing keys made easy

Although early tunings enabled many pure harmonics to be played, it
was hard to move into other keys, one could only really change made (s
page 782). Musicians often had to rerune their instruments, or use extra
nates reserved for specific scales classical Indian tuning uses 22 notes).

In the sixteenth century a new numing was developed which revo-
lurionized Western music and which predominates today. The octave
is divided into twelve fixed squal intervals, each dhromatic halftone being
1.04546 times its neighbour (2%, roughly 18:17).

The twelve equally spaced notes are arranged in a circle below.
Six (flat) wholetones now make an octave, as do four (very flat) minor
thirds, or three (sharp) major thirds. The Pythagorean comma vanishes,
as do all perfect intervals except the octave—irs a clever fudge which
allowes us to change key easily. It is slightly “out of tune’ and we hear
it every day.

Triads are chords of three notes separated by thirds. Opposite top
we see major and minor triads involving the note ¢, in the key of o Use
the mastergrid {spposite, below) to navigate the equal-tempered sea, and
perceive any 3-4-5 triad in three distinct keys (after Malcolm Stewarr).
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THE KALEIDOPHONE
squiggles from a vibrating rod

An interesting nineteenth century precursor to the harmonograph
was the kaleidophone, invented by Sir Charles Wheatstone in 1827,
who described it as a "Philosophical Toy”. Like the harmonograph, it
displayed optical figures of harmonics,

The simplest version of the device consists of a steel rod with one
end firmly fixed into a heavy brass stand and the other fixed to a small
silvered glass bead, so that when illuminated by a spotlight a bright
spat of light is thrown upon a screen placed in front of it. Depending
on how the kaleidophone is first struck, and then subsequently stroked
with a violin bow, a surprising number of patterns can be produced ja

fewr are shioun opposite).

The kaleidophone does not behave like a string, as it is only fixed
at ane end. Like wind instruments, which are normally open at one
end, the mathematics of its harmonics and overtones are dightly
more complicated than the monochord or the harmonograph and the
pasitions of the nodes are more variable (the lower inages opposite show
SO ey overtones).

Other versions of the kaleidophone used steel rods with square or
oval cross-sections to give further patterns. Wheatstone used to refer
to his invention as a ‘philosophical toy’, and indeed, as we look at these
patterns, it is casy to feel wonder at their simple beaury.

To make your own kaleidophane, try fixing a knitting needle into
a vice and sticking a silver bead or cake decoration ball to the free end.

Use or make a bright point light source.
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CHLADNI PATTERNS
vibrating surfices

So far we have only considered vibrating strings and other simple
systems, but surfaces also can be made to vibrate, and they too can
display harmonic or resonant patterns.

In 1787 Ernst Chladni found chat if he scattered fine sand on to 2
square plate, and bowed or otherwise vibrated it, then cerrain notes,
generally harmonics of each other, each gave rise to different patterns
in the sand on the plate, As with the harmonograph, other disharmonic
tones produced a chaotic mess. Sometimes he found thar further patterns
could be created by touching the side of the plate at harmonic divisions
of its length (showsn helow). This created a starionary node (Jike the father on
page 192). Later work revealed that circular plates gave circular parterns,
triangular plates triangular patterns and so on.

The six pictures opposite are trom Hans Jenny's book Cymatis,
one of the seminal texts on this subject. The vibration picture appears
gradually, the sand finding its way to stationary parts of the plate as the
valume steadily increases through the sequence.
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RESONANCE PICTURES

mind how ko sing a dasy

A more complete set of Chladni fipures is shown opposite, all two or
tourfold because chey were produced on a square plate.

Below, however, we see some circular pictures. They were photo-
graphed by Margaret Wates Huoghes, a keen singer, in the 1880s on an
ingenious device called an eidophorte, which consisted of a hollow base
with a membrane stretched across it and a tube artached to its base with
a mouthpiece at the other end. As Mrs. Hughes sang down the tube,
fine lvcopodium powder scattered on the taut membrane suddenly
came to life, bouncing away from some places and staying still at others,
producing shapes which she likened to various Howers.,

Yet again, we see recognisable forms and shapes appearing from

simple resonance and harmony.
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THE ELEMENTS OF

MUSIC

Melody, Rhythm, & Harmony
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INTRODUCTION

Musn: IS THE ART MEDIUM that communicates interiority, hcillg
only perceived by the ears, and received by the mind. A serict
approach to understanding music will consequently always have
something lacking as music theory, in essence, is primarily descriptive
and not prescriptive. The tendencies and practices in music are only
ohserved and cataloged upon analysis, after the fact. It is the hearts and
minds of human beings that shape and weave melodies, harmonies,
and rhythms together into meaningful tapestries, imbued with the
interior landscapes of their immediate experiences.

Much of the theory in this book is based upon the European
classical tradirion, starting around the early 15th century. The content
is designed to get you started in understanding the relationships of the
tones and thythms, and in unpacking the inherent properties of sound
in the process, and then, perhaps, music in general.

For the purposes of this book all principles are presented assuming
equal temiperament, the prevalent tuning system for over joo years.
The word 'tone” and ‘note’ may sometimes be used interchangeably,
but generally ‘tone” refers to the audible sound, and ‘note’ refers to the
written symbol. Other terms can be consulted in the glassary.

I hape this book will reveal how the underying harmonic template
of sound acts s an organizational framework from which the fabric of
miusic is woven, influencing our perception of accord, discord, tension
and release, telling a story, making a journey.

P'in ELasieyes o Mo

41



iy

WHAT IS MUSIC?

mnd all that jazz

Music ts ... a mother's lollaby. It gives sound to our feelings when we
have no voice, words when we are silent. In it we praise, love, hope,
and remember. In the breath of the soul, the contours of the path of 2
hummingbird in flight, and the wind that carries it; music shapes and
shivers into endless colours, nuanced and diverse, and eternally creative,
It is Spirit taking form.

Music is carried by the vibrations of molecules of air, like waves
upon an ocean. Lt perhaps uniquely captures and conveys the interior
landscape of one human mind to another, holding our tears and swear,
pain and pleasure, packaged as pacans and preludes and etudes and
nocturnes. It is the texturization of the deliquescence of time, the ebb
and fow of mood and meaning. It rominates, vacillages, contemplates,
and stimulates.

In music we organize and fantasize, arranging the elements of
music—melady, diythm, and harmony—into meaningful shapes and
patterns. Its thythms move our hands, feet and bodies to the pulses of
the universe. Its harmonies breathe with the exploratory intricacies
and curiositics of relationship and proportion, consonance, dissonance,
assonance, and resonance. lis melodies fitter into Aights of fancy,
weaving woe and wonder.

When music is married to languape, then what is spoken becomes
song, elevating the intentions and entrearing us to listen more deeply,
making the profane sacred. Music soothes the soul, and the savage
beast. Orpheus mystifies creatures and crees, changing the course of
rivers, outplaying the Sirens’ song with his lyre. Radha and Krishna
play the flute and dance jubilantly.

T Eoisipedss oF Musi
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EPIGRAMS AND DIALECTICS

ideas in sonnd

When music parallels language, it often chooses devices that resemble
epigrams or poetic devices. Take the epigram "Live, Love, Learn.’
This collection of words, when arranged together, takes on an
emergent inter-associative meaning thar transcends the individual
parts. Motice the alliteration of 'Ls, and the use of "learn” in the
sequence to diffuse the rlyming scheme of the first two words, and
close the set. Additionally, all three words are monosyllabic, and can
be used both as conceptual infinitives {to live, to love, to learn) and as
imperatives (Live! Love! Learn!).

In both music and language the components of epigrams are often
synthesized or unified through paradox, an essential qualicy for having
an aesthetic response and remembering the phrase. In music notes
rise and fall, are consonant and dissonane, staccato and legato, or push
and pull one another, these fundamental dualities representing the
paradoxical nature of realiey itself. Small pieces of meaning are arranged
from them into larger forms based on their structure, and, perceiving
this unity of oppasites, the listener is temporarily removed from the
dualistic separated stream of everyday life into the realm of unification.

The ‘Happy Birthday' melody epigram (e apposite) undergoes
various perinutations and transformations but retains its fundamental

characteristics, and thus stays satisfyingly recognizable to the end.
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ACOUSTICS AND OVERTONES

from one note to seven and beyond

Any sound that can be perceived as a pitch or tone will have some
periodicity in it, vibrating ar a regular frequency with a specific
mixture of overtone amplitudes (see oppesize), creating a distinctive
timbre. An oboe, sitar, or piano can all play the same tone, yet sound
different. The vowels &, £, 1, 0 and v are ereated by the trapping or
releasing of overtones with the shape of the mouth and lips.

The other component of sound, noise, has no periodicity—a
hammer striking, a finger plucking, a bow scraping, the sound on a
television with no signal. Bands of noise are named by colour {white
noise, pink noise, gray noise), and are part of the musical sounds an
instrument can produce. The noise component of a sound can be
compared to the consonants in language, with drums as plosives,
shakers as fricatives, and cymbals s sibilanes.

Essentially, musical sound can be described much in the way
language sound can: a combination of tones that vary overtone content
with a noise component that initiates the sound, sometimes continues
it, and occasionally also closes it, the function of consonants, with an

organizing rhythm and form.
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UNDERSTANDING SCALES

streets and stafrvays

A scale is a collection of discrete tones that are a subset of the pirch
continuum and that normally climb an octave in a certain number of
steps, often seven. Most of the unique and beautifully diverse musical
scales from around the world owe a large part of their heritage to the
overtone series and use the fifth, the firss tuned note, 3s the fundamental
wnit. Fifths are piled up, one atop another, and then transposed back
down to a single octave, Thirds can also be prioritized to derive a scale
e.g. mean tone tuning) and a myriad of other methods all sculpe the
different tuning systems that have emerged—each of them trying to
solve the problem of locking a fluid, infinite curve or spiral into a grid or
circle. The scale becomes a playground for a melodic drama unfolding
the relative tensions of these overtones with the tones between them,

The basic stations are: 1-3-5-1, the major chord consisting of root,
third, and fifth, created by the overtones 2:1 {the octave, the only note
that when reached gives the distinctive impression of the fundamental
tone below it, the same, vet different), then from 3:1, the fifth, which
has the next quality of sameness, though it is in fact a different pitch
entirely. Then 4:1, another octave, then 521, which becomes the third,
generally conveying the major or minor quality of a chord, scale,
ar mtlndjr'. Many s-note and 7-note scales utilize this underlying
structure, and in many variations, but the fundamental scructures are
1-2-3-5- [pentatonic) and 1-2-3-4-5-6-7 (the major and various other
scales). Seven is born from five.

A 7-note scale in a 12-note environment means chat § notes will
always be missing. In Middle-Eastern systems 7 notes are chosen {in
performance) from 17; in India 7 are chosen from 22,

Tie Biisipsms oo Musi
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MEET THE INTERVALS
and the circle of fifths

A musical interval is the distance between two tones, and although
tuned slightly differently from culture to culture, the same intervals
are broadly found all over the world. Intervals can be thoughe of in
Ewe ways: the first is as an ever-contracting series of simple frequency
patios, so that the first interval {the actase) is a 211 relationship, the
second (the fifth) is 3:2, and the third (the fourth) is 4:3. Then follow
the major third of 524, the minor third of 6:5, the second of 928 or 10:9, and
vet smaller intervals, with names like the guarter tone, shruti, li, comma,
apotome, and microtene, depending upon the era and culture.

The second way of looking at this series is to compare intervals
to the fundamental to which they all relate. This approach resules
in an ocave (2:1), fifth (3:1), another octave (4:1), 3 major third
(5:1), another fifth {6:1), a seventh (7:1), another octave [8:1), a second
(9:1), a third (10:1), and a iritone {11:1), etc. 1f the first view is relative,
with cach parrial compared to its nearest neighbour, then the second
view is absolute, as intervals take an absolute value compared to
the fundamental. Both views are useful when raking an analytical
approach to the construction of musical scales and the melodies that
ultimately derive from them.

Motice the octave, fifth, and major third appearing in both
systems. All scales around the world broadly contain these intervals
in some form, with their precise tuning revealing slight variations and
nuances in instrument construction and cultural tastes. Those using
the first approach tune their instruments and derive their scales by the
relationship of cach overtone to one another, while others using the
second approach relate intervals to their fundamental,
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BASIC RHYTHMS
meter and the big beat

Rlvythm is the component of music that puncroates tine, carrying us
from one beat to the next, and it subdivides into simple ratios juse like
pitch. Even in seemingly complex rhythms an underlying structure
based on groupings of divisions into 2 and 3 is often perceptible. The
march and the waltz are thus nodes in the subdivision of hythm, and
the tensions created by palyriythins and syncopation push and pull against
the gravity of these nodes, just as individual musical notes do in a scale.
All of this happens through time, creating a framework of epigrams,
disclosing their plight ar journey, existing within a system of rules.

Rhythmic structures are organized into measires for the purpose
of notation, which denote time parceled into groups of beats. In 4/,
cach measure has four beats marked by quarter notes, which often
show up in groups of four measures. Within most rhythms a pulse of
strong and weak beats, or strong and weak pares of beats, also exiss,
and chords are placed in each measure at either the anacrusis or the
icttis, “between’ or “upon’ the beats, to comvey harmonic movement
and reinforce the sense of tonality. The unfolding and varving of the
resulting tensions and releases through time is responsible for much of
the emotive and expressive power of thythm.

The rate at which events pass is also a crucial component of any
thythmic texeure, often measured by beats per minute {sem). A pubse’s
subdivisions are partly meaningless without knowing its rate or tempo.
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TONE TENDENCIES

tension and release

Because of the powerful gravity and stability of the stations of the
scale, notes that deviate from these are perceived as transitional. Whole
and half steps, and even minor and major thirds, all manifest varying
degrees of tension, which is then released when a station is reached, or
when transitional notes are traded for less dynamic transitional notes,
Additionally, notes that are farther from a stopping point or station are
less active or dramatic in relation to it than adjacent ones. Minor scales
have basically the same set of tensions as major scales (see page 274).

A further level of complexity occurs in music that has chord
progressions and modulations, as the set of tensions can change, Here
the initial root, third, and fifth of a chord {and scale} are the stations,
with the rest of the tones intermediary, but as the chord changes,
the root, third, and fifth of the new choed become the new stations,
or secondary stations, However, without an acrual modulation, the
importance of the primary set of relations is not lost in memory, and
a tiered set of relationships is created. Since chords can be construceed
with any note of the scale as a root, they can both take on the same
stable or transitional aspects as the roots upon which they are built
already possess, and contain their own subset of stations, forming
two tiers of stability or insl:abi]lr.'g.r working at any given moment.
The genius of 2 good melody involves the understanding of these two
tiers of relationships, and the skillful implementation of manipulating
expectation and result against those natural tensions, based largely
upon the utilization of memory, incorporating expectation and

fulfillment.
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BASIC HARMONIES

triangles and triads

The major eriad, which occurs naturally in the harmonic series as a pair
of thirds (2 major, then a minor, adding ro a fifth), is the foundation
of tertial music (chords constructed in thirds) around the world, the
perfect fifth angd major third being, after the octave, the most stable
and resonant intervals, derived from the overtones,

Moving a note from the bottom to the top of a triad creates an
inversion (below), with the same notes, but with a new bass. Notice
how major triads in first inversion have two minor intervals, giving
them an opposite flavour. The same holds true of minor chords, which
in their first inversion sound markedly major, since two of their three
intervals are major. Diminished and augmented chords are often said
to be rootless, as they have no stable fourth or fifth.

Inversions conspire to strengthen or weaken the importance of the
root. In root position the fundamental intervals are all in place as in
the overtone series, the bottom note receiving the identity of the chord
buile upon it. In the first inversion, the third of the chord is in the
brass but has no strong intervals above it to emphasize its importance.
Instead, the root, now at the top, is supported by a perfect fourth just
below it, another strong architectural interval. The same is true with
the fifth in the bass, the second inversion, where a perfect fourth again
supports the root. The combined notes thus always point to their root
pasition, stacked in thirds.
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BASIC MELODY

steps and leaps, confour and geshire

A melody is created by the succession of tones through time. Step by
step, note by note, an outline is formed, a path carved, Gestures appear,
like the inflections used in speech, or the dialectic of rising and falling
tones, of the contrast of high and low notes. A discant leap feels large
and grandiose, a small one more fluid and gentle. Curved or jagged
contours can be suggested.

Melodies are normally a mixture of small steps and larger leags, with
a leap in one direction inducing a vearning for completion by a step in
the oppasite direction, leaving a gap to be filled in. The continuous
nature of melody means that when notes seray far, the listener, following
the path to find out where it leads, likes them to remain connected and
return. This is often manifested by a rhythmic interewining of tones
in and out of the stations of the scale.

The expressivity of 3 melody comes in part by the tension and
release of the intermediary notes of the scale, their rhythmic placement
on a strong of weak beat intensifying or diminishing their effect.
Sometimes 1 meledy can act as two melodies, by leaping up and
down, thus alternately maintaining two independent threads, each
on their own pitch level [or register). Other melodies rely on pitches
predominantly rising or falling for their effect.

Melodies in vocal music are either melismatic, with many picches to
one syllable, or syllabic, with one pitch per syllable.

Silent pauses, or rests (racsura) are essential to melodies. They allow
tite for breath, reflection, and interaction with the music. Listeners
wait for the next event, suspended, anticipating. A well-placed rest in
a theme can be a powerful musical moment.
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CHORD PROGRESSIONS

tonic, dominant, and subdoninant

Chords take on the identity of the station upon which they are built,
reinforced by the tone tendencies, so that as the chords move in a
progression or succession, they push and pull on their neighbours,
reinforcing the key, As notes in a chord collaborate to emphasize one
pitch, all chords collaborate to strengthen or weaken the tonic.

The strongest progressive motion a root can have is a fifth, either
downward or upward, highlighting the close kinship and relative
gravity of three consecutive pitches on the circle of fifths. The most
basic chord movement then is ranic {1) to subdominant {1v) to dominant {v)
and back to tonic (v), although other triads in the scale can substitute
for these three basic functions without sacrificing wholly the funcrion
or temporal meaning of their placement (befow). 1and i share 3 and
5, 50 can substitute for each other. Likewise, i and 1v share two tones,
as do vi and 1, and v and #ii®. The more common tones, the smoother
and more gradual the harmonic motion.

There are essentially chree states in tonal harmonic progression:
starting, departing, and returning, which are repeated and cycled to
reinforce the tonic, Chords with more symmetrical intervals [thirds)
are unstable or require resolving, and have a dominant function, while
harmonies having perfece fourths and fifths {the only asymmetric
intervals) are more restful and are non-dominant.

7O N o S
gﬁﬂ-gﬁ..ﬂ.ﬁ.ﬁﬂg

E iy v " e i
1-35 246 357 461 572 &I-1 T-Ii-4 135

T Eoisipedss oF Musi



DOMINANT

acfive)

MITHANT

SUFERTONIC

TONIC i
(HOME)

&
&
&

SURTOMIC

Tead: ey fone

& wiif

SUBMEDIANT '|-'i

HIRBOMINANT :
;H.i.'-ir::}
PACHELBELS CANON
HEART ann SOUL

s
LET IT BE | -

T .;' e e i ik
_F'l'v."a‘r".l. e E;!'F..ﬂ-v."i

¥O8

I'r'.‘unr.,-
MAJOR v v
Srcrnda Ty vl i
MINOH Fiay o

i i

SUBATITUTION?Y

4TH
i d ﬁ or STH' ¢iele o

[r" The sroem reats of thy fhe v I‘Tl-l-'ulll rﬁ-:'.:&:w i
?H':I.. fial 'le'l..'l'ul.'llr fa the femic. The domic, Bowe
#th v .ila'rﬂ.'lrrl'nh i r-n.ll Hiilr |..11.'n|'|.'|.
I"I.'.!Illi e e badier eliseat o if (3 amd Wil Tht um
ol 'Hf'l I|1|1'|:llI.l o o drn, Bave o weiest
srondy qn{'ﬂ et 'rH'lHr et rrlafed enfitien

¥ 'uul.l'll 1, whily Ierle |r.. m-:lu: L rm'l.m! L,
I ur-ru-r r."n'u'l-- I'Fr i il' i i r-|-1-1. 5 o WY
mu.__. related i e i them V.

The median! [weldl tird) and sfmediant (Troer
widdly thind! bawe rm':'r.irrJ ity and are wraker
ey poiats, :'.!idn'u_r Fs fawer s wirh s chemll

§p o
§p =

ROOT MOVEMENTS

AN mil af iT |.'..1.-|| 'r'f i ,urnl:
I o
hl‘TlZ'i‘IJ' EIHECE, B CRRBMN L

. ']
Rl move af or dren E & thind
- -
Craidudl mamnl, b prmns,

Séroagert mrvemeal wrrund e
f itk Ot commen fowr,

1 . s
YVi-wn-1¥

1.F|."'|'|!' rir rex BT 3 H'I:"I'L.Ill‘r I'n.“ﬂﬂ

meweamy fedi b & ey I"'l'h!l.ln .n.J rr foved I-I...
mord h-.ﬂn.lml i i rlrul:ar .-1[.:141 r| i nn. dvem,
Anr lrl.l nr ‘H"I' 'r"t fi ]n"l.u rn'li-.‘n.'-'|.1||i|l ferercn
Iy 1V .1r.J '.' il.' -llrr.:nn-l FapT Prioer B
erd, fﬂnm-.r'm T 1rn rmml,

[r'r Wis -r..n.,lu .|.-n.u.+r phardr 5 by primery
rb"l-r.f'l-'ll. T 'qr whetbrr & chord swpcrunem is
‘-nl'rn -nlr A "n'.m:j l.n'.u BT i and 'Frrf'!-.
e i tnrpY end palr :' mewmind,




afiz

INSTRUMENTATION

the textures of timbre

Musicolagists identify six basic types of musical instrument:
membranophones {membranes), chordophones (strings), idiophones
(struck), metallophones {metallic), aerophones (air), and electrophones
[electronic).

Wind instruments generally have an open end, and often a conical
shape to release sound into the air. Wind can be moved through a
narrow space to vibrate a reed, or two, or sound can be generated by
the buzzing of lips (blowing through a rube), as with brass instruments.
Strings can be either plucked or bowed, and can resonate in sympatheric
accord with other strings. Percussion instruments move air quickly,
abrupaly, and noisily, and have membranes and means of striking them.
They provide contrast to the smooth, sustained tones of melody and
harmony, punctuating with shakes, sizzles, tingles, and rings. All
cultures wrilize percussion in their music, and many brass and stringed
instruments reveal the algorithmic spiral or curvature of pitch. Some
cultures also believe instruments contain animal souls that sing when
the gue or skin vibrates. Many instruments resemble the structures
of the ear, both being part of the vibration duality, instruments
generating and the ear receiving, The voice can imitate most {the basic

ranes of male aud‘ﬁnude viices are shoun below).
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MORE COMPLEX RHYTHMS

dynamics, articulation, elocution, and syncopation

Sounds evolve over time, and emvelapes {helow) use three basic phases
(inception, continuation, and closure) to characrerize different qualities
of volume over time. Staccato notes have a short and detached quality,
renute notes are slightly lengthened to connect them (in legate fashion)
to those nearby, while an accent indicates a strong start to a tone,
ernphasizing its initiation.

Piawo and jorte are soft and serong indications used to suggest volume
or amplitude. The pianoforte (pianc) was so named for its abiliry to
play both loud and soft, in contrast to earlier keyboard instruments,
the harpsichord and clavichord, which could not.

Articulations and dynamics in music notation shape passages
and contribute to the sense of character and mood, whether playful,
doleful, whimsical, or aggressive. Articulations affect the presence of
noise in the instrument, acting as consonants upon vowels,

Opposite are shown dotted rhythms, used in triple notation.
Motice the dot to the right of the note, rather than above or below it
(as with staccato). Rhythms continue to complexify and subdivide in

syncopation and polydyythms (see toa page 706).

T Eoisipedss oF Musi



: ¢ Dot
|y PRty
2l LT
IR RN FETT YT
MO grrrirrrTie

Abiree Dhatied n.n\lh]'i!_'.ml reits |'ri;.:|'|L:|. et e n'l_rh'lllu ar..':qu:“r ..lwmu':l.uthl.m:l il v of bk
unekettd nstcar rod. andd i el frr ull'nlllh;trilﬂrluhlirui..ln.l

i'."ﬁr:qunL'L- cam ropviant

urrlllml.-:r.!"-\nh‘lirmnll,. 'I_’j

; J.rll.':uli.l.h'u;l.'m the mictrr a ﬂI
Aliorres A i i s 1o 24, Slndratng He (ENRY i o
et o whnsr Hey a J a8

rLlI!i..ll:l.hp of Hiri sjwarien ﬁ.l :I ot bl visee, Doth A Tplad e 2
ruu]l:rn_;llirl.m: dmnt of e u::q'ﬁ.:i-rd.rl:.lr.dimlﬁ.- J: .I J: II g

tlie nsaoaisiwa of frogeiney :
m dhe gpertn e, By J J -II - J ]

':H.‘m. Bl B § T Bkl L .
= e t .F :.L !! ¢ pori o the natatisnal m

— | writem, 1-1l1!ru||_r ary
Ak oo /3, Hins nﬂllllulﬂ are nq1|rr.||u|tﬁ.lh+|.l ul'd'll.'irinl.fl'.ln'lmtrdn m r'j-' |
st kb ek v fure .:qll.n'..lnrd'.tlu] bialf e ndtated ] e
JI::":J'
PoLyRHYTHMS

BT FL PEE—. K T IR P I 'I'_I' '!:'I'_'I'_I'_ . LE—
-nl'.lil:.lninil:,ll:l:l:r:r:r'il:l;l:il:xirl

Albyrie Fodyrieptbmu docurwiwmerer differesd ndsdimuins af the bt ajpsgear !rgn'.l.l.'r I.IJBLHI.!I'I;,FIIIH !-,‘ia_p.uul 4

it 1, Dgarnid 5 and i e
SYNCOPATION

H = - o ——

o | | i m— - e m— e e B I S

' 1 n | — y o -, 1]
¥ | ¥ ¥ T ¥ —n = —_— e e

Alerre; Syndapvilum o the hh_ﬂulg.fltrm_; Deatl om brnnak bty thug IIIII!H nlrul:::j‘prdirf.l!li.'&_f.mf
ibraad o, Tnlnlu;'rllj'nrq.“ﬁm and ax ul'l:ll.l_rrr .||1H.|||.'. Mirll:ll_plr.a.n‘l m'l.ulrrrl.'hnu:ll. Lislerumg fudorw
J'ﬁnlr.u' cultwrei puih il ll.ll"ll::ﬂi.'l ther mizkrc itruchinal r.1||h:|m1.r.||'.1|:||'d_|l tiregh the e q"mnq.ul.l:m.

Th Elasimms oF Moms 265



il

FORM AND STRUCTURE

where an | somg and how did 1 et here?

Musical seructure tends to unfold in pares or sections. An idea, mood,
or motif is firse presented before something arrives that changes or
contrases it, while nevertheless relating to it, creating a sense of unity
and, ultimately, arrival or recurn.  This unfolding pattern also helps
arient the listener in time, so that, using their ateention and memory,
they can tell where they are in the musical texture. Without it
they would be adrift in a sea of unrelated ideas, and some music is
intentionally composed this way for that very effect.

Most people go through vicissitudes of emotion in their life, leaving
home, going out into the world, having adventures, and ultimately
returning home. A life’s journey is like a musical composition, born
into the world from nothing, living for a time in form and structure,
dancing spontaneously on the edge of chaos and order, and then finally
returning. In this respect Western music tends to be more linear,
Eastern music more cyclical.

Musical titne can be visualized a3 a storyboard (below), each segment
expressing the essence of a particular characeer, meaning, intention,
and purpose of a section or movement. Frequently these sections
are ordered with consideration for the attention span of the listener,
in varying dcgrr::; of complexity and engagement, like a CETEmOnY
involving invocation, meditation, and dance.
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MORE COMPLEX HARMONIES

sevenths and their inversions add suspense

Continuing to stack thirds beyond the triad yields major, minor, or
diminished sevenths, with their dynamic pull toward the tonic. Asthe
root and fifth of a chord provide architectural structure, the third and
seventh provide feeling and flavour, push and pull. Sometimes referred
to as guide fanes, they lead the movement of harmony from chored to
chord, adding to the intensity of the forward drive. The presence of
two guide tones in a chord maximizes this, e.g. the dominane 7, whose
third and seventh often resolve ta the tonic root and third.

Hollow suspended chords, where the third is replaced with its junior
or senior note, are shown below. Similarly add chords take on a colour
without compromising any of the three basic notes of the triad, the z,
4, and & sweetening the overall sonority.

If the lowest tone is kept constant, as chords move around it,
then we are in the presence of a pedal point, so named because of the
ability of the organ to sustain bass tones played with the feet while
changing harimonies played with the hands on the keyboard, keeping
a central bottom tone in place, which may or may not be the root of
the chord. In fact, a pedal point doesn’t have to belong to the chord at

all, diﬂ'l:rﬂﬂi:l.tiug it from an inversion,
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TONALITY AND MODULATION

there's no place like home

Tonality, or the sense of being in a particular key, is most easily created
by sounding the 1-rv-v-1 partern [see pages 260-261),

The ronic chord has the same function as the tonic note of the scale.
It is the place where things begin and end, and to which all things
relate. In tonal music the leading tone is always used to poine to the
tonic, and, as with the circularity of the scale, all other stations of the
scale and their chords serve either to strengthen or weaken the relative
gravity of the tonic, departing or returning,

The mighty tonic, however, can be destabilized. Chords other than
the tonic can be strengthened by the introduction of their respective
leading tones (the third of any dominant chord, a half step below a
root). Notes outside of the key can make an appearance to point to
other roots as possible tonics. The sense of 2 second key can emerge.
If this happens within the appropriate time, and with the repetition of
the 1-1v-v-1 chords of the new key, then a full modulation occurs, and
a new tonic is formed. Without these affirmations, the movement is
temporary, and only a tenicization has occurred.

After a time, the ear may become accustomed to the new key, but
tonal music often returns to the first by reinstating the changed note,
creating the sense that we never r:::]l}' left. Before long, a relationship

of keys emerges, reflecting the relationships of chords, which in tum
reflect the relationships of the individual tones in the scale.
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MODAL, TONAL, DRONAL

world systems and scales

In every musical scale there is 2 much-used primary set of tones,
ang a smaller secondary set, used to colour the first. Basic primary
pentatonic, five-note scales form the backbones of many scales around
the world (helow), the most simple deriving from four consecutive
fifths. Other scales follow the gravitational forces of the stations, and
use chromatic alteration to communicate tension and emotion. Scales
with mare half seeps can be tighter, filled with introversion, chromatic
complexiry, and pathos, while more diatonic scales can be extroverted,
simple, :Ermjug, and expansive.

There are essentially three kinds of pitch organization. Modal music,
which does not modulate, uses leading tones liberally, sometimes not at
all; harmonic movement is possible, and chords can be borrowed from
other scales. In tosal music, which does modulate, the five secondary
tones not wsed in the major scale have a relatively fixed relationship to
the primary set, determined by the circle of fifths, § 4, 57,8 5. 8 1,5 3,
each temporarily suggesting the scale to which the secondary tones act as
leading tones. These accidentals only last for the measure in which they
occur, and are restored in subsequent measures, sometimes followed by
a courtesy accidental as a reminder. Drestal music has no harmony, the
scale itself being the harmonic universe, so the intervals all relate snl:[}r
to the sill point, the drone, with a full chromatic range available.
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THE THREE MINORS

matiral, harmonic, and melodic

The active role of leading tones in harmonic music creates complexities
for minor keys. The narural dominant chord in minor is not a major
chord, and the need for a leading tone necessitates altering it, and che
scale from which it is built.

In the case of matural minor, we are in the peesence of the Aeolian
treonle, which occurs naturally as the relative to any major scale, started
a third lower. Raising the third in the dominane chord, the seventh of
the scale, creates harmonic minor, altered for harmonic purposes. The
scale that resules from chis, however, contains an audible gap between
the Hatted minor 6th and the natural major 7th, an augmented second,
which does not always work melodically, sounding like an interval
From non-Western music. To smooth out this melodic gap, the éth
scale degree is also altered, raised, so that the ascent in minor resembles
a major scale in its upper four notes. This is melodic minor, which is
sometimes said to have two forms: ascending and descending, raising
and lowering the 6th and 7th accordingly. In fact, descending melodic

minor is identical to natural minor. Triads of the three minors are

shown below.
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MORE INTERVALS
the big get bigger and the small get smaller

Just as chords are invertible, so too are their constituent intervals. 3eds
invert to become 6ths, and 7ths become 2nds. Inverted major intervals
become minor, inverted diminished intervals become augmented, and
vice versa. Inverted intervals have the same basic function as their
non-inverted counterparts, but possess a greater sense of uncertainty,
Composers play with them by further raising and lowering them. For
example, extending a major 6th yiclds the interval of an augmented
tith, identical in sound to a minor 7th, but functioning quite diferencly.
Remember that spelling counts, and that a minor 7th tends to resolve
inward, while an augmented 6th tends to resolve ourward—big gets
bigger and small gets smaller. Similarly, contracting a minor 7th
vields a diminished 7th, the same as a major 6th, but again funcrioning
wholly differently. As 2 major 6th is likely to fall by a whole step to the
sth, ar rise to the major 7th, a diminished 7th almost always falls by
a half step. Spelling and syntax indicate behavior and directionality.

Shown below are the only three possible sctatonic or diminished
scales, since they are symmetrical. They fall into the repeating pattern
of halt-whole or whole-half. Also shown are the only two wholetone
scales, built entirely of whole steps. They can evoke a mysterious sense
of ambiguity and the unknown.
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FURTHER MELODIC ELEMENTS

epigrammatic dfz,re.l'ﬂpmunt

Humuans are fu ndammmll}r pattern-based beings, and arrists world-
wide, visual and acoustic, have used this fact to manipulate audiences
for centuries. An idea or epigram is articulated, before undergoing a
series of transformations, being reinforced or denied. The unfolding
of this drama of denial and acceptance is the narrativiey of music, and
is played out in three basic ways:

Regetition, or thesiz. The casiest thing for an epigram to do s to assert
itself, and this is accomplished by repetition. Repetitions are helpful
because they are highly orienting for the audience in the context of a
given narrative. They are the anchors of time.

Conrast, or mitithesis. The drama begins. A new epigram is present-
ed, possibly seeming to contradict the previous one, and creating the
rension of a new set of opposites. A completely contrasting epigram,
with no epigrammatic rransference, is a denial.

Variation, or synthesis, A reconciliation of the two poles of repetition
and contrast, sometimes viewed a3 a fulcrom (befow),

Melodies, songs, and symphonies all use these theee degrees of
epigramymatic transference; from total (repetition), through parrial or
transformative {variation), to none |contrast). The mind absorbs the
meaning of each new jdea, comparing it to recent and distant events.
Attempting to copnize the parts produces anticipation, which may be
affirmed or denied. Marrarive artists exploit this faculry to create their
books and movies, melodies, and rhythms.
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COMPLEX CHORD PROGRESSIONS
getting out of the box

Ta develap a richer harmonic palette and get out of the -rv-v-1box, a
mare complex structure can be developed by borrowing chords from a
parallel scale, thus facilicating longer excursions.

Because it is the root of a chord that imparts its functionalicy, we can
freely substitute other chords built upon the same scale degree {sppasite
tap) and still preserve the harmonic essence. S0 a major subdominant
(1v) can be substituted for a minor one (i), or a minor mediant (iif) can be
replaced with a major mediant (5 m) and its inflections {5 m+). As long
as basic cadences occasionally occur to reinforce a tonic, chords can be
borrawed relatively freely.

The dominant seventh chord is well-suited for substitution because of
its symumetrical eritone (see below). When the root shifts by a tritone, the
jrd and 7th of each chord exchange places. The spelling of this interval
changes enharmonically to preserve the syntax, but the sound is the same.
In fact, as we mowve around the circle of fifths with seventh chords, the
jrd and 7th of each chord exchanpe places and slip and slide by steps,
often referred to as step progressions or guide tones, a reciprocity that
maximizes the forward drive of harmonic motion. In most chords, it
is the root, 3rd and Tth that are sufficient to commumicace the harmonic
furnction, se when voicing chords, the sth can frequently be omiteed, since
it only reinforces the tonic structurally. If, however, the 5th is altered {2 or
b, augmented or diminished), then its colour is included as well.
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AROUND THE WORLD

i four songs

Every system of musical notation is essentially a set of instructions
for the implemention of sounds through time. In each case they are
a kind of time-line, tracking sonic events, and in the case of songs,
their marriage to words. Lines, dashes, slashes, curves, numbers, letters,
dots, and circles all are used to mirror the up and down inflections,
gestures, and shapes of melodies.

Earlier in history, music was an entirely oral tradition, much like
storytelling, another narrative are form. As humanicy spread and grew,
new methods were needed to communicate music to more people.
Eventually, notation helped bring music into the homes of evervday
musicians, and preserve it for furure generations to enjoy. This parallels
the development of the printing press, with the same advantages
facilitated by that invention. Since we all have basically the same set
of musical and linguistic sounds available to us, these various notarion
systems | four examples shown opposite] have a great deal in common. They
all indicate the placement of rhythms, the association of notes with
syllables of language, and the melodic contours, as well as the overall
forsm of the composition.

In India, because of the complexities of tuning, there are 22 possible
rones, allowing for purer acoustic r:l:ttinnsh[ps, with 5i|np-le- whaole-
number ratios between them. Scales are derived from the overall set,
depending upon the raga desired. Each 7-note that or mela has a distinct
favour, not unlike the Western modes with its suraras (32, Re, Ga, Ma,
Pa, D and Ni) born from the twenty-two shrtis_
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ADVANCED HARMONIES

rascitls mnd spiﬂ’s

Because the dominant chord is the chord of hope and anticipation,
chromatic added tones are easily accommodated to add more intervallic
complexity. This in turn strengthens the urge to resolve, which can
either be fulfilled or denied for the manipulation of tension and release.
Extensions can also be added to any of the four chord qualities: major,
minor, diminished, or augmented.

It is the non-chord tones or non-station notes that provide the
colouring of the essential chord qualities, When they are voiced next
to nearby stations, they are considered an “added’ effect. When these
colour tones are transposed an octave higher, they become the gths,
11ths, and 13ths, which are generally arrived at by stacking thirds.
From the root, we pass through the 3rd, sth, 7th, gth, 1eth, 13th, and
conceivably beyond [spposite top). These pitch arranpements can yield
some startlingly complex harmonic scructures, yet the bottom three
members of the stack still retain their identity, and imbue the whole
edifice with a basic flavour. Music since the end of the 19th century
has explored these expanded harmenic possibilities, particularly jazz.

Sixth chords are a category of harmonies with chromatic alterations
that don't fit into the usual parallel major/minor borrowing structure,
sometimes referred to as vagrants. -”11.“:' are alterations of the
subdominant chord, decorating the dominant,

An example of chord notation with extensions is shown below,

MISTY () Ebmay? |Bdwo  £h3 | Admaf7 | Afme  Di13A11
EimyT c7#a |¥m7 B [Gm7 7R |oe7  BA3E
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ADVANCED FORMS
getting organized

Musical forms are often mixed and matched, with historical hybrids
commonplace. Molecular binary and ternary units can be combined
and compounded to yield more complex structures, these storyboard
squares being used flexibly as general templates.

Attention tends to be highest at the outset of a composition, sa
music often contains the most intellectually demanding material at
this time. An initial tempo will be lively (allegro), perhaps preceded
by a slower introduction, Middle movements are often contemplative
and reflective, a break from the first movement. Finales are generally
light, playful, and dance-like. This commeon template derives from
Baroque dance suites, which were an assemblage of these different
miods, variously extroverted and introverted.

There is a general format in the rhetorical unfolding of 2 complex
form: exposition, contrase, development, and summation, and
occasionally transformation. Otften there is a climax, or a series of
them with progressively higher peaks and summits, finally followed
by a coming down, unraveling, or denouement.

Sonata form reached its apex in the Classical era and is still in use
today. It possesses a fixed relationship of keys and themes. Afier
an introduction, a theme is presented, followed by a contrasting
theme. The two themes are then deconstructed and combined in a
development section, often tonally unstable or ambiguous, after which
the two themes return, a recapitulation. However, the second theme,
while first presented in the dominant (or at timees another related kevy)
now returns in the tonic key, tving together the journey of contrast
and differentiation.
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PUTTING IT ALL TOGETHER

concerve, create, and compose

Perceiving music as an unfolding of epigrams, molecules of meaning,
unities of opposites, allows for a new appreciation of its narrarive
qualicy. It becomes possible to perceive or even measure the rate
of transference as the music unfolds, and to appreciate more deeply
the way in which the drama is reinforced or denied, by seeing the
very mechanisms by which it accomplishes those things, Degrees
of contrast and repetition can be measured, and most imporeantly
variation and transformation can be understood as a kind of evalution.
Like che stations of the scale and che pulse, epigrams also have graviry,
ang what happens in between them communicates part of the drama
of the intentionality of the transference; its story, its plight. And in the
most skillful hands, our souls follow suit.

In melody these nuances are most easily heard in the larpe variety of
scales found around the world. Although they all possess some forms of
fifths and thirds, it is the notes between that convey the real meaning,
tension and release, the distances of those 'between’ tones, and how
they are rhythmically placed. Again, in rhythm, though there is often a
predictable pulse, what happens in the spaces in between is much more
complex, and can sugpest tensions against the different beats, based
on their relative distances from the pulse. These epigrams, melodic
and rhythmic, can then be arranged into larger coherent strucrures,
compositions, also unitying opposites, and so music is born.

The music we love is the drama of the transference of epigrams,
opposites in interplay, unfolding, repeating, contrasting, and most
importantly, varying, through melody, harmony, and rhythm,
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INTRODUCTION

Blmnclc.&r. wiee is now thought to have appeared on this planet
not long after its formation. It seems that the baceerial seeds for
the process may even have flown in on the tail of a comet or meteor,
Speculation is again rife about life under the surface of Mars, on
Jupiter's icy moan Europa, or indeed anywhere the sacred substance of
liquid water is known to exist. The latest plots of the universe depict a
structure eerily resembling 2 vast plasma nevral network, suggesting to
some abservers the very real possibility of 2 cosmic mind.

The science of the cosmos has changed immeasurably since the
Greek and medieval visions of circles of planetary spheres. However,
despite all recent scientific advances, the Earth remains a modern
mystery—no convincing theory vet exists to explain the miracle of
consciousness, nor the numerous cosmic coincidences which surround
our planet. This book suggests that these two things may in fact be
related, and shows that solar systems display fundamental geometric
and harmonic relationships which have vet to be properly understood.

These days we scan the skies listening for intelligent radio signals
and locking for other planets similar to our own. Meanwhile, our
closest planetary neighbours make exquisite patterns around us, in space
and in time, and no scientist has yet explained why. Why are the Sun
and the Moon the same size in the sky? Why does Venus weave the same
5-8-13 dance around us that most plants display on Barth? Is it really
all just @ cvincidence, or do these patterns perhaps explain the scientists ...
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GALACTIC DUST

the well-tuned universe

TuERES A 10T GOING ON in the universe. As many star-filled galaxies
pepper the bubble of our space-time horizon as there are grains of sand
on a beach, so there are as many stars in the visible universe as there
are grains of sand on Earth. Our planet and we ourselves are made
from reorpanized smoky stardust, a fact long taught by ancient cultures,
We now know that stardust itself is made simply from fizzballs, highly
tuned flickering whirlpoals of light, long ago squeezed topether deep
inside stars. We ourselves live in between the little and the large,
in a time and a place in the universe where things have condensed,
crystallized, built up, tuned in, and sertled down.

Just how special are we and our Earch? Funnily enough, scientises
are currently puzeling over the strange fact that the whole sniverse seems
special. There is exactly enough material in the universe to stabilize it,
and the ratios between the fundamental forces seem specifically organised
to produce an amazingly complex, beaurtiful, and enduring universe,
Fiddle with any of the constants, even dightly, and you get a universe
of black holes, insubstantial fizzballs, or other lifeless set-ups. 1s this
design or coincidence? Perhaps our universe is the child of successful
parents. Maybe the whole entangled show is conscious, as Plato tanghr.

The story of the search for order, pattern, and meaning in the
cosmos is very old. The planets of our solar system have long been
suspected of hiding secret relationships. In antiquity students of such
things pondered the Music of the Spheres, today they experiment with
the simple precision of Kepler's, Newton's and Einstein’s laws. Who can
guess what will come next?
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THE SOLAR SYSTEM

spirals everyhere

Ohur solar system seems to have condensed from the debris of an carlier
version some five billion years ago. A Sun ignited in the center and
remaining materials were attracted to each other to form small rocky
asteroids. Lighter gases were blown out by the solar wind to condense
as the four gas giants, Jupiter, Saturn, Neptune, and Uranus. In the
inner solar system asteroids prew into planets, the final pieces flying
into place with more and more energy as the sizes grew (many still have
molten cores today from these collisions). Orbital resonances pushed
and pulled planets into new orbits and our solar system eventually took
the form of stable disk we see roday.

The plane of the solar system is tileed at almost exactly 60° to the
plane of the galaxy so the planets slowly corkscrew their way around
the arm of the milky way. The picture (spposite top, after Windelins &
Tincker) is schematic of the motions of the four inner planets.

Another way to picture the solar system is by thinking of space-time
as a rubber sheet with the Sun as 2 heavy ball and planetary marbles
placed on it (lower, appesite, after Muerchig). This is Einstein's model of the
way matter curves space-time and helps visualize the force of gravity
between masses. 1F we flick a tiny frictionless pea onto our sheet, it
could easily be captured by one of the marbles, or be spun around a few
times and spat out, or settle into a fast spinning elliptical orbit halfway
down any one of the worm-holes. Like a planet, the further the pea
gets down the funnel, the faster it must circle to scop itself going down
the tube. Also, the faster it spins the heavier it gets and the slower its
clack runs.
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RETROGRADE MOTION

ruming kissing around

Ancient astronomers who watched the sky from Earth long ago noticed
that apart from the Sun and Moaon there were five easily visible poines of
light which moved across the stars. These are the planets, which seem
to move around the earth roughly following the Sun's yearly circle, the
ecliptic or the stars of the zoediac. 1t only life was this easy! In reality
if you watch planets for any length of time you will see that, far from
mawving in any simple way, they lorch around like drunken bees, waltzing
and whirling. As two planets pass, or kiss, each appears to the other to
retrogress of go backwards against the stars for a certain length of time.

The diagram below shows Mercury's pattern around a tracked
Sun over a year as seen from Earth {after Schultz), and oppaosite we see
Cassini's 18th century sketch of the movements of Jupiter and Saturn as
seen from Earth. In ancient times hugely complex systems of circles and
wheels were called into play to try to mimic these planetary motions
(opposite, helow), culminating in the Prolemaic system of 35 deferents and
epicyeles, used to model the motions of the seven heavenly bodies over
two thousand years ago.
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CALENDARS

synchvonizing the Sun and Moon

The Sun and Moon may appear F:rﬁ:tt]:.r balanced in the sky, but in
practice they play a complex partern which has vexed many cultures
over many years. The 29.53 days that occur between full moons are
modeled in the Chinese calendar by having alternating months of 29
and 3o days. Similarly, at Stonchenge we find 29 full-widch stones and
one half-width stone in the sarsen circle to represent 255 days.

Many devices hide calendrical themes, For instance a pack of
playing cards can be viewed as four seasons, each of 1+2+ 344+ 5+6+ 7+
B+ g+ 10+ 11+12+13 =91 days, 364 in all, with the joker as the 365t day.
The Tarot likewise conceals secrets, as the Moon and Sun are assigned
to the numbers 18 and 19, which, as we shall see on page 331, are indeed
the two numbers which best define the calendar.

Alongside the Prolemaic system, perhaps the most extraordinary
system ever devised for marrying the heavenly cycles to earthly
endeavours is the series of intermeshed calendars developed by the ancient
Maya. By gooan they had modeled most of the visible solar system with
just three cycles: the 365-day Haab, 260-day Tzolkin, and enigmatic §15-
day cycle. Geoff Stray's incredible diagram opposite is a testimony to just
hevw far scientists are prepared to go to get it all to make sense.
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THE SECRET OF SEVENS

planets, metals and days of the week

A short four hundred years ago the diagrams oppaosite still formed the
cornerstone of cosmological scientific and magical thoughe across the
western world, as they had done for many thousands of years. Today
these emblems of the sevenfold system of antiquiry appear as quaint
reminders of an alchemical cosmology now buried beneath newly
discovered planets and physical elements.

It is interesting to see just how precisely constructed the ancient
systemn was. ‘There are seven clearly visible wandering heavenly bodies,
and they may be arranged around a heptagon in order of their apparent
speed against the fixed stars. The Moon appears to move fastest,
followed by Mercury, Venus, the Sun, Mars, Jupiter, and Saturn {top
left). Planets were assigned to days, still clear in many languages, and
the order of the days was given by the primary heptagram shown (top
right). In English, older names for some planets (or gods), were used,
thus we have Wotan'’s day, Ther's day, and Freya's day.

In antiquity the seven known metals were held to correspond with
the seven ]:-I:Lm:ts, their compounds giving rise to colour associations.
Venus, for example, was associated with the greens and blues of
copper carbonates. Students of alchemy would often ponder these
relationships as they forged ever more subtle things. Incredibly, the
ancient system also gives the moders order by atomic number of these
metals! Follow a more open heptagram to give Iron 26, Capper 2g, Silver
40, Tin 50, Gold 79, Mercury 8o, and Lead 82 {lower left after Critchlow &
Hinze). The electrical conductivity sequence also appears round the
outside starting with Lead.
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GEOCENTRIC OR HELIOCENTRIC

Earth or Sun at the center

The extraordinary Prolemaic world of epicycles and deferents lasted a
surprisingly long time. Despite its complexity it ‘saved appearances
and was also said to save souls. Ellipses were in fact studied by early
Greek mathematicians such as Appollonius, and as early as 2508c
Aristarchus of Samos was proposing a system of planets orbiting the
Sun. However, it was not to be, and for one and a half thousand years
the Earth remained in the center of the universe, just as we experience
it, as the Ptolemaic system was handed down from the Greeks to the
Arabs, and then back to the West again.

Four carly systems are shown opposite {after Koestler), and each sphere
of each diagram is to be understood as having its own attachment of
epicycles and eccentrics. Copernicus, despite in 1543 placing the Sun
in the center {top J'Eﬂ, remained a devout epicycle man, increasing the
number of invisible wheels from the Prolemaic 39 up to an amazing 48.
In the late sixteenth century Tycho de Brahe desperately tried to keep
the Earth stationary in the center of the universe (bottom leff), whilst
an early Greek model by Herakleides, like a later version by Eringina,
attempted a compromise.

During the 1600s the Sun became the center of the solar system and
many people began to forget that planets sometimes appear to move
backwards against the stars. The modern madel of the Solar System
(lower, appasite) has the planets {including an asteroid, Ceres), orbiring
the Sun in ellipses, cach planet’s ellipse slowly spinning to create a torus
or orbital ‘shell” over time. This basic model was first conceived by
Johannes Kepler in 1596 and it is to his ideas that we now .
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KEPLER'S VISIONS

ellipses and nested solids

Kepler noticed three things about planetary orbits. Firsely that they are
ellipses (s that a+ b= constant, lower, apposite), with the Sun at one focus.
Secondly, that the area of space swept out by a planet in a given time
is constant. Thirdly, that the period T of a planet relates vo &, its semi-
major axis [or ‘average’ orbit), so that /%! is a constant throughout the
entire solar system.

Looking for a geometric or musical solution to the orbits, Kepler
ohserved that six heliocentric planets meant five intervals. The famous
peometric solution he tried was to fic the five Matonic Solids between
their spheres (opposite, and detailed helow).

In recent years, far from diminishing Kepler's vision, Einstein's laws
actually showed that the tiny space-time effects caused by Mercury's
faster (and therefore heavier and time-slowed) motion when nearer to
the Sun create a precessional rotation of the ellipses over thousands of

VLS, thus reinforcing Kepler's shells.
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THE MUSIC OF THE SPHERES

planets pfﬂying m tune

In ancient times the seven musical notes were assigned to the seven
heavenly bodies in various symbelic arrangements (apposite rap). With
his accurace data, Kepler now set about precisely calculating these long
imagined Harmowiae Mundi. He particularly noticed that the ratios
berween planets' exereme angular velocities were all harmonic intervals
(orposite center, after Godwin). More recently, work by Molchanov has
shown that the entire solar system can be viewed a5 a 'tuned” quantum
structure, with Jupiter as the conductor of the archestra.

Music and Geometry are close bedfellows and Weizeacker's theary
of the condensation of the planets (appasite after Murchie & Warshall)
throws yet more dappled light on to these elusive orbits. 1t might
appear fanciful were it not for the fact that two nested pentagons (below
left) define Mercury's shell [go4%], the empty space between Mercury
and Venus fpg.2%), Earth and Mars’ relative mean orbits jua.7%],
and the space between Mars and Ceres [q0.8%)], while three nested
pentagons (below right) define the empey space between Venus and Mars
[o9.6%] and also Ceres and Jupiter's mean orbits Jgo6%].
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BODE'S LAW AND SYNODS

harmonics and rhythmic kisses

There have been numerous attempts to discover patterns in the orbits
and periods of the planets. A basic loparithmic graph (appesite tap) shows
clear underlying order (afrer Ovendon & Ray),

A famous system is the 1750 Titius & Bode Rule, which works as
follows: To the series o, 3, 6, 12, 24, 48, 96, 10z & 384, four is added,
giving 4, 7, 10, 16, 28, 52, 100, 196 & 388. It turns out that these nunthers
fit the planetary orbital radii really quite well {except for Neptune).
The formula predicted a missing planet at 28 units between Mars and
Jupiter and on 1* January 1801 Piazzi discovered Ceres, the largest of
the asteroids in the asteraid belr, in the correct orbit.

The length of time it takes a planet to go once round the Sun is
known as its period. Sometimes periods occur as simple ratios of each
other, 2 famous example being the 2:5 ratio of Jupiter and Saturn [gy.3%).
Uranus, Neptune and tiny Pluto are especially thythmic and harmonic,
displaying a 1:2:3 ratio of periods, Uranus’ and Neptune’s adding to
produce Pluto’s fpp8%].

Like a whirlpool, inner planets orbit the Sun much faster than outer
planets and the table (apposite, below) shows the number of days between
two planets’ kisses, passes or near approaches, properly called synods.
Dhoes Earth experience any harmonics? Well, we have two planetary
neighbours, Venus sunside and Mars spaceside and the figures reveal
thar we kiss Mars three times for every four Venus kisses [pps%). So
an uleraslow 3 against 4 polyrhythm or a deep musical fourth is being

played around us all the time!
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THE INNER PLANETS
Mercury, Venus, Earth and Mars

Ohur salar syseem can be thought of a series of thin rotating rings, each
slowly settling down. Divided by an astercid belt into two halves, the
inner region has four small rocky planets quickly orbiting the Sun,
while the outer half has four slow huge gas and ice planets,

The Sun has still not given up its secrets. Mostly Hydrogen and
Helium, and an element factory, it is also a giant fluid geometric
magnet, 15 million® at its core, 6,000% at the surface. It blows a
particle wind through the entire solar system and its sunspots and huge
solar flares affect electronics on Earth.

Mercury is the first planet. Maostly solid iron, it is a cratered,
atmosphereless world, 400° in the sunshine, -170°% in the shade.

Venus is second, a cloud-shrouded greenhouse world. On the
surface the temperature is a staggering 480°c and the carbon-dioxide
rich atmosphere is sinery times denser than Earth’s. An apple here
would be instantly incinerated by the heat, crushed by the atmosphere
and finally dissolved in sulphuric acid rain.

Earth is the third planet, the one with life and one moon.

Mars is fourth, a red rocky world, just above freezing. Water ice
caps cover the poles, and there is a thin atmosphere. River beds suggest
that Mars may ance have had oceans but they are long gone now, and
today dust storms regularly envelop the planet for days. Huge dead
volcanoes, one three times larger than Mount Everest, stand witness to
a bygone age. Mars has two tiny moons.

Bevond Mars is the Asteroid Belt, and, beyond that, the giants.
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MAKING SENSE OF THE PICTURES

a few Fps on appearances

Seen from Earch, day or night, the Sun moves slowly to the lefe against
the stars (right in the southern hemisphere), taking a year to return to
the same star. The Moon swiftly circles around in the same direction
every month, taking 273 days to return to a star. Venus and Mercury
mscillate around the Sun, coming and going, as the Sun itself sowly
trundles around its yearly circle. Imagine standing on Venus—the Sun
mioves faster against the stars and Mercury is closer, whirling round the
Sun like a fairground waltzer.

Every pair of plinets creates a single dance. It doesn't matter which
of the two you stand on, your partner’s dance around you will be the
same, It is a shared experience. Mercury's evolving waltzes with Earth
and Venus are shown opposite (taph. Earth and Mercury kiss around
22 times in 7 years, though the ancient Greeks also knew of 2 more
accurate 46 year, 145 synod cycle. Mercury and Venos are beaurifully
in tune after juse 14 kisses,

Shown lower, opposite is the Golden Section, § or phi. It is found
throughout every pentagram and in the Fibonacci series of numbers
(oppesite), which starts with 1, 2, 3, 5, 8 and 13, all numbers we will see
in the inner planets. The Golden Section is essentially 0,618, bur since
one divided by it is 1.618 [which is the same as adding one to it), and 1.613
firmes 1.618 equals 2,618 (the same a3 adding one more), it often takes any
of these values. The Golden Section is found throughout organic life
forms; it is the signature of life, and, as we shall see, highly accurately
present in the inner solar system too.
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MERCURY AND VENUS' ORBITS

a very siple alde-memoire

There are few things more simple than a circle. With Kepler's discovery
of the ellipses, and Newton and Einstein setting them spinning, the
planctary orbits can be thoughe of as orbital ‘circles’, centered on the
Sun, with the eccentricity thickening the circle slightly, or giving the
spheres a shell (see Kepler's diagram, page 307).

One of the very first things you can do with circles is to put three
of them together so that they all touch. Amazingly, the orbits of the
first two planets of the solar system are hiding in this simple design. If
Mercury's mean orbit passes through the centers of the three circles then
Venus' encloses the figure [op.5%).

This is a simple trick to remember—you see it all around you all
the time, in the home, in design, art, architecture, and nature. Every
time you pick up three glasses or push three balls together you create
the first two planets’ circular orbits, to an extraordinary degree of
accuracy. There must be a reason for this beautiful fit berween the ideal
and the manifest, but none is yet known and these kinds of problems
are currently out of fashion; perhaps a bright 215t century scientist will
find an answer—until then it remains a ‘coincidence’

The triangle is one emblem of the musical octave 2:1, and Mercury
performs a delightful solo on this theme, as one Mercury day is exactly
two Mercury years, during which time the planet has spun on its own
axis precisely three times. Thus the very first planet plays the very first
harmonies and draws one of the very first geometrical shapes. We have
started with one, heard a two, and seen a three.
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THE KISS OF VENUS

our most benutiful relationship

Other than the Sun and Moon, the brightest point in the 5|{‘_|' is Wenus, the
marning and evening star. She is our dosest neighbour, and kisses us every
584 days s she passes berween us and the Sun. Each time one of these kisses
occurs the Sun, Venus and the Earth line up two-hiths of a crcle further
around—so a pentagram of conjunctions is drawn over exactly eight years
[oa5%], o thirteen Venusian-years fyon%]. Motice the Fibonacd numbers
ageain, 5, 8, and 13, which govern most plant growth on Earth. The periods
of Earth and Venus are abso closely related as ¢ fopt.

Seen from Earth this harmony appears as Venus whirls around the
trundling Sun and draws her beautiful patcern. In the precise diagram
opposite (fop) four eighe-year cycles are shown, so 32 years. The small loops
are made when Venus in her closest dazzling kiss seems briefly to reverse
direction against the background stars (ot below, as seen from Earth).

The fivetold nature of Venus and Earth’s dance extends to their
closest and furthest distances from each other, as Venos” periges and apogee
are defined by two pentagrams {{ower, oppesite). The body of space ane
draws around the other is thus proportioned as 1 :d# [pu.p8%].

All these diagrams alse apply to Venus' experience of Earth.







THE PERFECT BEAUTY OF VENUS

the things they don't teach you at school

With the Sun in the center, let us examine the orbits of Venus and
the Earth. If, every couple of days a line is drawn between the two
planets (helow left), a pattern will appear. Because Venus arbits faster
she completes a whale circuit in the same time that the Earth completes
just aver a half-circuit (helow center). 1f we keep watching for exacely
eight years {or 13 Venusian years) the full pattern opposite emerges, the
sun-centered version of the five-petaled flower on the previous page.

The ratio berween Earth's outer arbit and Venus' inner orbit, ie.
their home, is intriguingly given by a square (befou right) Joo.o%).

Venus rotates extremely slowly on her own axis in the opposite
direction to most rotations in the solar system. Her rotation period
is precisely rwo-thirds of an Earth year, a musical fifth. This closely
harmonizes with the dance opposite so that every time Venus and Earth
kiss, Venus does so with her same face pointing at the Earth. Paine a spot
on Venus' surface as she passes in front of the Sun, and every time she
lines up with the Sun again as seen from Earth the spot will be pointing
at you again. Over the eight Earth years of the five kisses, Venus spins
on her own axis twelve times in thirteen of her years { from Kollerstrom).
All beautiful musical numbers.
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PHYLLOTAXIS
the spiral of life

Life an Earth uses one set of numbers above all others. Phyllotaxis is
the study of the way leaves are arranged along a stem, and also describes
other features of plants such as flowers, seed heads, and fruits. The key
to phyllotaxis is the Fibonacci sequence 1, 1, 2, 3, 5, B, 13, 21, 34, 55
and so on, where adjacent terms define the Golden Section increasingly
well, present in pentagrams, which we have met before.

It is a simple fact that most plants on Earth produce alternate leaves
at Fibonacci fractions of a foll rotation. For example, some planes
produce leaves along a stem every ' rotation, in hazel and beech trees
the angle is 4, in apricots and oak trees it is %, in pear and poplar trees
it is ¥, and in almond and willow trees it is % Pineapples display 5-,
B- and 13-armed spirals. Count the number of buds along a sprig of
pussy willow and you will find a spiral of 13 buds in 5 turns.

Humans use the same numbers (in a fourfold manner). We have s
fingers/toes in cach quarter, a pattern repeated in our mouths as 5 milk
teeth in each quarter, replaced by 8 adult teeth, 13 in all per quarter.

The most commen number of petals in flowers is 5, and the most

commonly used phyllotaxis numbers in plants are 5, 8, and 13.
As abowve, so below—for these are also the numbers of Venus!
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MERCURY AND EARTH
yet more phives and eights

Mercury and Earth's physical sizes are in the same relation as cheir mean
arbits! Various five and eighttold overlays are shown opposite which
proportion the orbits and sizes of these two planets.

The diameter of Mercury's inmermest orbit is suggested by the
pentagram incirele {center lefi) Jpo.s %) which also happens ta be the
distance between the mean orbits of the two planets [oy.r%].

The final diagram {sppesite, lower right) expands on the three touching
circles of page 317. Eight circles centered on Venus' orbit produce
Earth's mean orbit fygau%]—the eight years of the five kisses perhaps?

Mercury, Venus, and Earth display a peculiar coincidence: If we
work in units of Mercury's orbital radius and period, then Venus' period
times 2.618 is Earch's orbital radius squared [pp.8%]. Mercury's dance
around Earth also produces its synodic year of 115.9 days. Richard
Heath recently discovered that this is 2.61% times a musical fifth times
a full moon g %]—a musical fifth is 3:2; 2608 is 2 for 1618 % 1.618),
and there is a full moon every 2957 days.

Earth's and Saturn's relative orbits and sizes are given by a fificen-
pointed star (below), which also produces the tilt of the Earth.
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THE ALCHEMICAL WEDDING

Hiree to eleven all round

From the surface of the Earch, the Sun and the Moon appear the same size.
According to modern muggle cosmolopy this is 'juse’ a coincidence, but
any good wizard will tell you the balance berween these two primary
bodies is clear proof of very ancient magic.

The size of the Moon compared to the Earth is 3 to 11 [gp0%).
What this means is chat if you draw down the Moon to the Earth,
then the circle through the center of the heavenly Moon will have a
circumference equal to the perimeter of a square enclosing the Earth.
The ancients seem to have known about this, and hidden it in the
definition of the mile (apposite, after Michell & Ward).

The Earth-Moon proportion is also precisely invoked by our two
neighbours, Venus and Mars {see Vens dancing around Mars below). The
clasest: farthest distance ratio that each experiences of the other is,
incredibly, 3:11 [op0%]. The Earch and the Moon sit in between them,
perfectly echoing this beautiful local spacial ratio.

3:11 happens to be 273% and the Moon orbits the Earth every 273

days, the same as the average rotation period of 2 sunspot.
The Sun and Moon do seem very much the unified couple.
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CALENDAR MAGIC

just three numbers do the trick

Reecent work by Robin Heath has revealed simple geometrical and
mathematical tools which suggest order and form within the Sun-
Moon-Earth system. Imagine we want to discover the number of
full moons in a year {somewhere between 12 and 13} Draw a circle,
diameter thirteen with a pentagram inside. les arms will then measure
12364, the number of full moons in a year [gy.0;%].

An even more accurate way of doing it is to draw the second
Pythagarean triangle, which just happens to be made of 5, 12, and 13
again, the numbers of the keyboard, and of Venus (page 320). Dividing
the 5 side into its harmonic 2:3 gives a new length, the square root of
153, 12.369, the number of full moons in a year [s.gpm%].

The Moon seems to beckon us to lock further. We all know that
six circles fir around one on a flat surface (6 and 7). Twelve spheres pack
perfectly around one in our familiar three-dimensional space {12 and
13 again). We seem to be moving up in sixes. Could eighteen time-
spheres fit around one in a fourth dimension of time? Incredibly, all of
the current major time cycles of the Sun-Moon-Earth system turn out
to be accurately defined as simple combinations of the numbers 18, 1g,
and the Golden Section.

The Galden Section is evident in the pentagram, the icosahedron,
the dodecahedron and all living things. The orbits of the four inner
planets all display its presence. lts values 0.618, 1, 1.618 and 2,618 added
to the magic number 18 produce 18, 18.618, 19, 19.618, and 20.618,
which then multiply together as shown opposite.
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COSMIC FOOTBALL
Mars, Earth and Venus spaced

The next planet out from Earth is the fourth planet, Mars. Kepler
had tried a dodecabedron spacing the orbits of Mars and Earth and an
feosahedron spacing Earth from Venus (s page 306), and, coincidentally,
it turns out he was very close to the mark.

The dodecahedron {made of rwelve pentagons) and the icosahedron
(made of of twenty equilateral triangles) are the last two of the five
Platonic Solids (see Boow: i1 of this volume), They form a pair, as each
creates the other from the centers of its faces (helow). Opposite,
they appear in bubble form inside Mars' spherical mean orbit. The
dodecahedron magically produces Venus' orbit as the bubble within
(oppasite top) [an.p8%), while the icosahedron defines Earth's orhit through
its bubble centers ([ower, apposite) [po.u%]-

In the ancient sciences the icosahedron was associated with the
element of Water, so it is appropriate to see it emanating from our
watery planct. The dodecahedron represented aether, the life force, here
enveloping lively Earth, and defined by her ewo neighbours.
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THE ASTEROID BELT
through the looking glass

We have reached the end of the inner solar system. Beyond Mars lies a
particularly huge space, the other side of which is the enormous planet
Jupiter. It is in this space that the Astercid Belt is found, thousands of
large and small tumbling rocks, silicaceous, metallic, carbonacecus, and
others. Like many ring systems, there are spaces, Kirkuood Cuaps, in the
asteroid belt, cleared where orbital resonances with Jupiter occur. The
largest gap is at the orbital distance which would correspond to a period
of one third that of Jupiter.

The largest of the asteroids by a very long way is Ceres, comprising
over one third of the total mass of all of them. She is abour the size of
the British Isles and produces a perfect eighteenfold pattern wich Earth
(see page 4a3).

Bode's Law predicted something at the distance of the asteroid belt
(se2 page 320), but it was Alex Geddes whao recently discovered the weird
mathematical relationship between the four small inner planets and the
four outer gas giants. Their orbital radii magically ‘reflect” about the
asteroid belt and muleiply as shown below and opposite to produce two

Enigmatic constants.

Fexlir = 1.204 MexNe FeaMa = 2872 MexEn
MexNe = 1.208 Ea«Sa S a]Np = J.H';'ﬁ_lthUr
Ea«Sa = 1.206 Max<fu (Ve sMaxfu«Ur = Me=Ea x84 Ng)

The asteroid belt is unlikely to be the remains of a small planet as no
sizeable body could ever have formed so close to Jupiter.
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THE OUTER PLANETS
Jupiter, Saturn, Urmnus, Neptune, and beyond

Beyond the Asteroid Belt we come to the realm of the gas and ice giants,
Jupiter, Saturn, Uranus, and Neptune.

Jupiter is the largest planet, and its magnetic field is the largest object
in the solar system. Ninety percent hydrogen, it is nevertheles built
around a rocky core like all the giant planets. Merallic hydrogen and
then liquid hydropen surrounds this core. The famous Red Spot s a
storm, larger than Earth, which has raged now for hundreds of years,
Jupiter's moons are numerons and fascinating: One, lo, is the most
valcanic body in the solar system; another, Europa, may have warm
oceans of water beneath its icy surface.

The nexe planet is Saturn, with its beautiful rings. Saturn has
much the same hydrogen and helium mix as Jupiter. Over 50 moons
have been discovered, the largest of which is Titan, a world the size of
Mercury with all the building blocks for life.

Beyond Saturn is Uranus, which orbits on its side. 'Winds guse on
the equator at six thousand times the speed of sound.

Mext is Neptune, like Uranus an ice world of water, immonia and
miethane. The largest moon, Triton, has nitrogen ice caps and geysers
which spew liquid nitropen high into the atmosphere.

Finally, bevond but sometimes inside Neptune's arbit, is tiny Pluto,
and, beyond that, the primordial swarm of the Kuiper Belt. Then,
stretching a third of the way to the nearest star, the sphere of icy debris
and comets of the Oort Cloud.

Owr salar syseem is highly unusual. Neither its neat symmetry nor
its calm stability are to be found in most other systems.
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FOURS

Mars, Jupiter and massive moons

An asteroid belt and 550 million km separate Mars’ and Jupiter’s arbits,
Further than Earth is from the Sun. Jupiter is the fiest and largest of
the gas giants, the vacuum cleaner of the solar system. If Jupiter had
gathered only slightly more material during its long and ongoing
formation its internal pressures would have turned it into a star and we
would have had a second Sun.

The top diagram opposite shows a simple way to draw the orbits of
Mars and Jupiter from four touching circles or a square fug.p8%). Itisa
proportion commeonly seen in church windows and railway stations.
Shown below, on this page, is a pattern from the same family, which
accurately spaces Earth's and Mars' orbits [ong%).

Jupiter has four particularly large moons. The two largest, Ganymede
and Callisto, are the size of the planet Mercury and produce one of the
most perfect space-time patterns in the solar system. An observer living
on either moon would experience the motions of the other in space and
time as the beautiful fourfold diagram shown opposite.

].],E A& Lrres Bk oF Cos s



R L

i —— =y

THE REAITE UL DAKCE OF GANY METE & CALLIATO




QUTER MOONS

harmonic patferns

Four groups of moons orbit Jupiter. The frst two groups have four
mons each and look very like 2 model of the whole solar system—
four small inner bodies tollowed by four big outer bodies. The second
group, of tour particularly large moons, the Galifeans, is further divided
into two small rocky worlds, lo and Europa, then two gas and ice
meons the size of planets, Ganymede and Callisto,

I'he grouping into fours is striking, Each of the four groups has i
own general moonsize, orbital plane, period and distance from Jupiter
[the inclinations of the four orbital planes of the four groups even add
up to 9o®, a quarter of a circle [pr.p%)]).

Saturn has over thirty moons, most shepherding and tuning the
amazing rings with the larger bodies tending to be further out. Far
beyond Saturn’s rings, however, are three moons—the gigantic Titan,
tiny Hyperion and, further out still, lapetus.

Opposite are shown some harmonic patterns: two from Jupiter’s
largest moons, two experienced by Saturn’s giant moon Titan, and two
experienced by Neptune, the outer planet of the solar system.

Drischords are rare. The solar system seems to enjoy harmony.







JUPITER'S GIANT SEAL

Iuge hexagrams and affirmatory asteroids

Jupiter, the largest P]:m:l:. was king of the ancient gods, Zeus to the
Greeks. A delightful feature of its orbit is its pair of asteraid clusters.
The Trojans are two groups of asteroids which move round Jupiter’s
orbit, 60 ahead of it and 60® behind (spposite). This partnership
perpetually moves round the Sun as though held in place by the spokes
of a wheel. The positions of the Trojan clusters are known as the
Laplace Points, with Sun, Jupiter, and Trojans forming gravitationally
balanced equilaceral criangles.

Just for the fun of it, if we now join the spokes a3 shown opposite
then three hexagrams can be seen to produce Earth’s mean orbit from
Jupiter's [yo.8%]—a very easy trick to remember. Earth and Jupiter's
orbits are thus lurking in every crystal. Another name for a six-pointed
star made of two triangles is a Star of David or Seal of Solanion.

Exactly the same Earth-Jupiter proportion may be created by
spherically nesting three cubes, or three octahedra, or any threefold
combination of them {e.g., below). If the outer sphere is Jupiter's mean
orbit then the inner one is the sphere of Earth's mean orbit. By Jove!
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THE GOLDEN CLOCK

Jupiter and Saturn seen from Earth

Jupiter and Saturn are the two largest planets of the solar system
and ruled the outer two spheres of the ancient system. In ancient
mythology, Saturn was Chronos, the Lord of Time.

The top two diagrams opposite show the close 5:2 ratio of their
periods. Top left we see their dance; the beauriful threefold harmonic
is immediately apparent, spinning slowly because of the slight miss
in the harmony. From Earth, this pattern is seen as an important
sequence of conjunctions and oppositions of Jupiter and Saturn, who
kiss every 2o years. Top right we see the hexagram created by these
positions—with conjunctions marked on the ourside of the zodiac and
oppositions marked inside. The planets move anticlockwise around
the dashed circle of the ecliptic, starting ar twelve a'clock, Jupiter
moving faster than Saturn.

The lower diagram shows the relative speeds of orbit of Earth,
Jupiter and Saturn. We stare with the three planets in a synodic line
at twelve oclock. Earth orbits much faster than the outer planets and
makes a complete circuit of the Sun (365.242 days) and then a bit more
before lining up with slowcoach Saturn again for a synod after 3781
days. Three weeks later it lines up again with Jupiter (after 308.9 days).
Richard Heath recently discovered that the Golden Section is defined
here in time and space to a stsming 99.99% accuracy! The two glants of
our solar system thus focus the Golden Secrion on us, in space and time,
reinforcing the geometry of life on Earth.

Less importantly, Saturn takes the same number of years to go

round the Sun as there are days between full Moons Jge.8%].
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OCTAVES OUT THERE

threes and eights again

If you ever want to incorporate Jupiter, Saturn and Uranus' orbics
into a window or floor design the diagram opposite might help. An
equilateral triangle and an octagram proportion the outer, mean and
inner orhits of the three largest planets. Tiny inaccuracies are visible but
the fit is excellent overall, memorable, and adequate for many practical
purposes. It is a spiky inversion of the touching circles salution for the
furst three planets (see page 725, lower right).

One way of depicting the musical octave {2 halving or doubling of
frequency or wavelength) is by an equilateral triangle, as the inscribed
cirele has a diameter half that of the containing circle.

Another rule of thumb is to remember thar if Jupiter's orbit is 6, then
Saturn’s is 11 fpeg %), twice the Moon : Earth size ratio (page 326).

Saturn’s orbit also happens to invoke @ or “pi'—twice (helme): Its
radins is the circumference of Mars' orbit fye.9%] and its circumference
is the diameter of Neptune's orbit [ap.9%].
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GALACTIC GEOMETRY

to the stars mnd beyond

Moving further out into the solar system triangular geometries prevail
(0 shonnt below Juog%]). Uranus and Nepeune, like Saturn, both have
miysterious ring systems with clear spaces ar Kirkwood distances where
particles orbit at periods harmonic with one or more moons. Uranus'
bright cuter ring has a diameter twice that of Uranus itself [py.0%),
echaing the orbits of Uranus and Saturn, and Neptune’s innermost
ring is two-thirds the size of its outermost fypg%]. These proportions
beautifully invoke the local timing, as Neptune's orbital period is twice
that of Uranus, while Pluto’s is thrice Uranus’, an outer reflection of the
inner harmonic 1:2:3 we saw with Mercury.

One of the most obvious symmetries of modern cosmology occurs
in that the Milky Way, i.c. the plane of our own galaxy, is tilted at
almost exactly 60° to the ecliptic or plane of our solar system (shown
horizontal apposité) fpo7%). What is more, every vear the Sun crosses the
galaxy through the galactic center, and being alive in these times means
this happens on midwinter’s day. Like many of the images in in these
pages you may need to study this for a moment o ger it!

_=|.+B A& Lrres Bk oF Cos s



NOETH ol W THE i
i LATTH ooia TR
LTH FLE arf THE EAaETW TETED Aw AY PRS0

S OETH Pl QOFE o] sy WINCHE 1 RIGHT |x FROAT O TH

Folirne, FATH et & Lo CESTEE GF UK L AL ARY




ICE HALOS

rainbows where planets lie

On certain still afternoons, it you are 11Jr:|v:1_.-', Vol will see a pair of
rainbow spots left and right of the Sun. Known as *Sun dogs', these
are the first clements to appear of an ice halo—a thin rainbow circle
around the Sun. Cansed by light passing through ice crystals high in
the atmosphere, Sun dogs appear 22.5° left and right of the Sun, just
outside the bright 22* halo. Sometimes, a second larger halo appears
46° from the Sun, with a distinctive arc on top, the whale arrangement
looking strangely similar to the ancient glyph for Mercury.

Amazingly, these two ice halos match the mean orbits of the inner
rwo planets Mercury and Venus as seen from the surface of the Earch.
This means that when you look at a double ice halo, you really are
secing the spheres of the mean orbits of Mercury and Venus, hanging
in the 5]-.'.}'. And what s more, the same two ice halos alse funcrion as a
diagram of the relative orbits of Venus and Mars,

This is extraordinary. Every circle fits. Sunlight and ice dust paint
orbits as rainbows while the Sun and Moon appear the same size in the
sky. Our closest neighbour dances s-fold around us in & years or 13 of
her years, while below on Earth plants also dance 5, 8 and 13, These
coincidences are focused on us, here, and now, a planet of conscious
abservers. Perhaps consciousness has played some part in creating this.
Could the act of observation lense realicy in some way? Do beaatiful
improbable coincidences surround other planets of observers?

Plato writes that things are more perfectly organised than we can
ever imagine. How do you balance a Sun and 2 Moon? Could we in

fact be living in a conscious quantum holographic universe?
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THE STARRY SIGNATURE

circumstmntial evidence for life on earth

Drespite all the scientific discoveries over recent centuries we are
today possibly as far from understanding what we are doing here as
the ancients were from being able to build a packet calculator. The
ancients, however, pondered consciousness deeply, and held that the
soul was particularly nourished by the applied arts of geometry and
music. Through these arts they carefully investigated the relationship
between ‘the One' and ‘the Few', for in music there are only so many
notes in tune, and in geometry only o many shapes that fie.

This baok has shown simple and beauriful examples of harmony
and geometry in the solar system. The Golden Section, long associazed
with life, and conspicuously absent from modern equations, plays
lovingly around Earth. Deoes this in some way have something to do
with ‘why we are here', and if so could these technigues be used to
locate intelligent life in other solar systems?

I hope you have enjoyed reading Quadrivium, and that the cosmos
has been beautified or transmuted in some way as a result of what you
have learned. 1f you ever need reminding that there may be a lietle
more magic to the universe than medern cosmalogy can et offer, then
just remember the kiss of Venus and the words of John Donne:

Man hath wear'd ot a net, and this net throwne
spom the Hewens, and sowe they are his oune.
Lath to e wp the Hill, or labour thus
te poe to Heaven, we make Heaven come ta us.
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PLACE VALUE NUMBER SYSTEMS
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RULER & COMPASS CONSTRUCTIONS

Thee small sebectinn of canstructions shosm hiere,
fuken fmm Ruler & Comperss by Amilrews Ssnnn ame
gpven oo assst the keen student af Szmed Goome my.
They w3 simple mde. Diwee s mens draw e
Strerdptu Qe Pt ferssos Mgl o . Segoaesy
is |.|.'=L-|] in |'|J.l|:|:4|i|!|rr|I for thee sectinn of 2 graigh
ling dfined by wo edpoines: Cérele e means
e & cirele coniered ad o sl pasifer dreph i
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FLAT-PACKED POLYHEDRA

It a polyhedron & ‘undone’ along somse of its edges and folded far, the result is known
a3 irs net. The eardiest known examples of polyhedra presented this way are found in
Abbrecht Dhirer's Paimter's Maninal, from 1525, The nets below are scaled such thae if
refalded the resubting polyhedra would all have equal circomspheres.
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ARCHIMEDEAN SYMMETRIES

The disgrams bebow show the rotation symmetries of the Archimedean Salids and the

twa Bhambic Archimedean Duals.
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THREE-DIMENSIONAL TESSELATIONS

Of the Platonsc Sodids only the cube can fill space with copies of itself and leave ne gaps.
The anly other purely ‘Platonic’ space filling combines tetrahedra and octahedra, One
Archimedean Solid, the truncated octabedron, and one Archimedean Dual, the
rhambic dodecabedron, are also space filling polybedra.
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PLATONIC SOLIDS FORMULA

A recurring theme in the metric properties of the Placonic Sokids is the occurrence of the
irrational numbers <P jthe Golden Section], and the square roots v2, 3, and v5, They
are :urpr.inn:_gl}' :|rgj|:|: when ::-rpl'eu:d 2+ contimed Fractions;

5=
~J.'|. =

L I
P=1s.1 L da=1+ .1
T l'!T.-I )

Thesr decimal expansions to welve places, together with that of 5t are;

ih = LAIB03IFHETI0 2= 1414213562373 V3 = 1732050807569
¥ = 2236 TITS00 1t = LI4IS03453590

The table bebaw gives vohemes and surface areas E:urnph.-:ft radis £, and Platonic Salids
exdge length 5. Also included are the proportional patkways joining esch vertex 1o every
ocher in the Flatonic Solids.

Voluwe  Swrface Area Mumber of Fathways, Length

Sphere i:tr’ dng2 n'a

Tetraledron :iﬂ PETE i edges, &

Ot aliedron "EIJ-'i' 352 12 -h:lgu. i
3 n.-d.:ldi:.g«um.h. W2

Ciithe i fi 52 12 expes, 5

12 face disganals {inscribed tetrabedn), 25
4 axcnal diaganals, v3s

Traealiedron %'l[l:s’ §v 152 3 edpes, 5
30 face disgonaks, g1

fi axual disgonals, ¥{h*41)s
Dadeiahedran "'1-"111*51 3254 10¥5)s2 30 edpes, 5
60 face dizgonaks (mscribed cubes), s
0 wvterior disponals (inscr. ceershidra), V2 (s

30 interior diagonals, @5
10 axial daganals, V3 s



FDLYHEDM Spmmerry © Vorkes  Eder R Faes

{ AT,
D.Iﬂ'LTJ'!'I. {rosat) [ty
Tambadran Teir. & 4 o trismrlen
T.A.E'LE Cuke el 12 fi & siuares
Ckerabisdran et 1z ] £ erlamydes
Didvcailisdran Lo 2it E ¥ 12 12 pentagans
Pousabiadrati Lo 12 1Q b || lﬂ'trhnﬂn
Steilaad Dodecabadvan [T Iz £ E| 12 12 prntagrant
et Dhvdecabisdran T 12 o 1z 12 pentagans
Corear Siellevad Dodveabadraii [eaw 2k £ E 12 12 pentagrams
Ceoear foimabadvaii ok iz LB 20 I I:ri.lnu:h:l
Eonbnrabadran kel 12 | 14 £ trizmyles
IE.:u.ll]l:l':l.
Lo idoddveu Badran Leai k(1] &0 iz 20} ertangles
12 pentagans
Vinncatal Trarabsdrn Tete. L2 12 ] o erizmgrles
-1-ng|:|:|
Trungiral Cube ket 4 35 14 !.lrl::g.'n
& aclagins
Trusomad Cirabadran (e L a5 14 & sijliases
H-Ll.-.h!ﬁn:
Trarmenied Dndeca badvan Lewi il %0 32 20t eriangle
12 |lb|::|.pm.1
Tonnanad Riabedran Leni Bk 50 52 12 pentagans
20t hegagi
ALY oo kb rufadvan (0 | 4% 26 2 stizzgrles
I8 wjuaees
Dol Roemlidonbactabadran et 44 T2 24 12 sgiares
E.I:n::lﬂ:ln
& arlapai
Phompisos idadecd badvaii Lo il 130 il lﬂ'trhlluﬂn
I wypuiares
12 pentagans
Corvat Rhomnkoisidodecabiadran Leni L 120 f2 A0 wyuare
¥ Ll:!:qp:m
lll]n.l.gma
St Cuabe Ot~ 4 &0 18 32 trtangles
& dyliared
Sanidh Dintlvea bedrani Lo il 150 9z H-I]'Lrilnﬂ:l
12 pentagans

* Spwaria: Thobvda' 4 o 045 aca, 5 20k 8 sime s, Ooslbedal 2 o FRlace, § w0l 8 x T4, Ymiver plae
Lvarhrdial: & x 3-fbd oo, 10w 6, 18 2400 39 i plows.
Tk vk sl b i i s

78



Breraiifiar **
Cirramrdaliv

(IRLLRRARLER]
{L5TTAMIZ6Y2
Q.57 TAMIZ6YZ
AL TRERS4T 2
1L TRES44T I

{44721 35958
UA44T2] 55055
{L1ETERZATL]
{L1ETERZATE]

LB IH4IRERTY
1,707 1067812
09341723590
11.ESDRSIB0RE
{LETO3BEITEE
11.5222329679
. 345BAZTH5
{6 THEIEI445
LESHZTI910
1.7 745966692
11 9B09163757
{1 R3BS05 1474
119392336205
9149563817
1.91086E0249
11 BEZREH295
1195231 9B0ET
0. 9021230715
{LRZ59425910
{1 9EEIVEIEI5
{1.94KE360199
119245941063
{1 HEZSE66436
0 B6ETITHERS
0904944 1BT5
01 IZIETORRY
{LEE34IZ0T4
09634723304
19188614921

0 v p plvllen s v, o i i) Al 9 A oriel

Clrcnniaesdiin

(L5TTI5015592
(k4 L adSa5EI0
IO I0GTE
934 1723590
(A5 IG5 0EIE4

5357ALLL2L
k. 350451H 4
(k35642121454
(E525T73LEE2L

(rRaa0I54034

95 1Ha51A3

(k95340337

(k95594159411

(k94811931

(R9A5T2I919]

49794 32055

(R93354a4311

9764509762

974607 T2

99131 a6H95

(Y23 149 L3730

9727124504

Edge Lewyil ™
e b el

LAXZF5161S
LI1B4THIESHA
14142155624
.71 56441795
LAB14622242

L. HI6167
10514622242
1.EGER4TITE
LI M16167

1 AHHHHHHHHK]
.61 BORYREET
{LBE2ENZEREY
1LERZIHRZTEL
ILARZ4EEEEZD
D3XGTHRZETTH
L1354 EZ12S
I.T14E1 34EET

PAN4TEEING

LA TREITIESE

1.ZaZW9Z]TE]

W 7442065512

M AGRMEERREDR

Angler ™

TR
SO
1P ZE 18"
11&6°3554"
13g7]1 17

11&73 354"
1724708
E1726708"
417483

B85
1427372

TORRA4
Lol o [

SOAHIC
12571552
L g o [
127155
11673 5754"
B Fan T iy
- Bt
Bk )
135N
144744
Pl
L e
14474408
1427146757
13970541

437"
427165
1535754 1"
145500
153324705
L L
11"

Ceritrdl

L09=24' 16"
TO= 44"
STHE O
41%44' 537"
h3"16 16"

116%33'54"
HI" 24" 16"

154%11'25"

116%33'54"

Gl 0
Ja"HF I
5("25'44"
FaMagtooe
JRT5212"
1923 15"
I3"L6'55"
41%5.1'55"

2455 14"
15°521'45"
155 24"

SRR e

2a™YTe

o el e o vl e, B O T T

mii by sbivdis Selid che oper diball angln as fovd i none snallo s o fan

e T verva e e i gl o oo o vy of oo ey g v il i e sl e bl it

Er)



SOME FEATURED TUNINGS
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SELECTED MUSICAL INTERVALS
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THE GREEK MODES

Fjg|a
'f-LlLI'III ]'ﬁr f Angivmd
The 3evien Mixdes of Anibuguse :
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o i N - & odor g a4 By | Cdii
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The white notes on & prano approocimare the seven notes of the seven modes of antiquary.
Eack mende, ar scabe, b oz own patern af tomes and hallones, wich owve surviving as
ar majar nd ruarural mdmer seales. In rEi'.lI.':.' TArNs SEes nfqmmnnnﬁ,h:lfﬁ:nﬂ and
tones were used. 1n sddition, medieval transcripoon ervors have beft us with modern
names whach don't fit the ancient ooes. Other scales include modal pentatonics, the
harmanic minor wich iss ménor 3rd and ek, 12 30 4 5 6 7 &, and many aders.



HARMONIC CONSTANTS AND EQUATIONS

The ratios and intervals in this book concern frequendes, normally expresed a5 codes
'Fcrscu:und.uﬂ-[-:rlz. Classical tuning sets C at 256 Hz, Modern tuning is II.iEI:lﬂ'. Ei:ting
A st g40 Hz. The period T of & wave is the reciprocal of its frequency £ T = 1/f
The speed of sound in dry air & roughly 331.4 ¢ 0.6T: m/s, where T, s the
temsperature in degrees cebsins. [ts vahue at room tenperature, 20°c, is 343.4 mis.
Gravitational accelerstion on earth, g, & g.8a7 m/s,

Frequency of a i praviratimanl dcceleration

Pendulum. I pengulum Jength

Fundamental frequency 1 SIFisg tenshon

of & tensioned sering. 2 v string lenpth AN Wiy + SErImg levegTe
Resopant frequency speed af sound aved of sperig

of & cavity with an apening. n eodumie of caviry = Jengm of apessing
Fundansental frequency of speed of sound

an apen pipe or cylinder. T Tength af climdir

The beat frequency between | and f, is the difference berween them, fi =, - f.
The rate a:b converts to cents (where a = b): {log(a)-leg(bj} = (1200 # kogz}.

To convert cents inte degrees multsply by 0.3,
Ehppinﬂ in frant of & rise of sEEps ]:rudu:::s a series aof echoes with & Per-:elwd.

Erequun.-.-g.' :|:|1.u| o i'zd, whers v &= mesptﬁd.ul'muud. ad & is the -d:|:||:|'.| of exch step,
Clipping in a small comdor width w produces & frequency e,

The arithmetic ansd harssres: means are g i B = B8 5 43
central to Pythagarean number theory,

The arichmetic mean of two frequencies | i’j—: - !|l+£ r
separated by an octave produces the fifth G

hetween them (3:2), the harmonic mean a ':"E;I"I";":"' z ﬂ"',':'_ﬂ":“ s
praducing the fourth (4:7).
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TABLES OF HARMONOGRAPH PATTERNS

Orvertone and smple o harmonics are shown below and oppasite, srmanged in arder of
increagng dissonance dewn the page. Open phase drawings display eheeir raio as the numbes
of Joops counted acrow and down. To find the rao of 2 rotary drswing, draw bath forms,
comeurrent (boch circles in the same direction) and contrary (in oppesice directions). Count
the Joops in esch, add the two numbers wogether and divade the totl by tan. This gives the
larger ratie number, Suberace this from the contrary toad o grve the bower ratio oumber.
Ruoitary fipures for the rati a:bwill bave b-2 loops when bath crcles are concurrent, and o+ b
loaps when they are comtrary. The designs shown here were all made with equal ampludes:
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BUILDING A HARMONOGRAPH

ANYONE serwsirdy isten=ted in making 3 harmenigoph shodd oo
sitker poing siraight fior the thres-perdubim model,

The rahie mrest be highty Agid andd 4 on 1he oo, mberase the
miwements o the weighis will he demned. Duggea il be shoin
) v shive the foar, §0 = 5 o fr tan penilulums, 63 = 6 on for
thies, anil snmi 2 om thick with s apeon al minil, ahain 8 oo deep

L shiodisd be dhoin & om sqeane, gelived nawandsand polersd 21
the bt O wap of achising che spli 15 10 fic wond or menl
hrarketi in the comers under the ble each e of the dgen anl
had the ks bemeen them - After adjesting, the ks o give the cmedt
sty thesy can dhen be freet] i posins with serews shrough thee .

T save spuce, dice aff the hie a5 akong the domed ine. Three
legs are =t qalie sn stahie, bet woek Gy well.

The plitkemm i the paper should be Saband rigal, e o e
pendadim with 3 coeniersusk smew, A st of 22 = 14 o will oonve
nieredy L hall an A4 sheet sepaned by @ nubber hand or ssul dip

All stoes sipggested are madm, taind acaled down versien will sl
stk i i s carfully pade

o ve s mpstoad io makee o harmngraph, s with the we ights,
firr the iesirument will ank be ooy i these are peally beary asd
ol ey s adus. 1 isa pond et momake gboat een ool
kiliis ech, s 1he lnatlings can be vanel. They shoukl be aboui fon m
diamaer, with a cerirdl boke, or betrer with 4 dinfor sadir baniding
Either cam them ynursel from kel or restymived cemess or have
them maale i @ menl amallware dealer or el plamber.

The shafes s hoadil be mude bom wiond dowel, ahoir 15 om s meser
i metal el e ke m hered, disoning the Grawmngs), marked off in o

Cdams o he nbamed from sepplies of Lshornmny equipmen
Fur same of the drwings inp wekghis are reeded, held s plae by
clamigs. Clamps cin abn be added to pendel um sps for- e nining’
siith oive or mare metd washers added

The simpler kind of bearng consias of bress arips holied it a shin
in the perdubirn and el rosharpedgss momst in gnons each sele.

Is & hearimgd ieenbing ks frcting the pevleun & encasel o ohe
fulcnuzi in 2 hivrtzomal hlogk il ardeced wich verical bobs each side
filed v sharp points and resang in diss nome plae,  doiling ihe
large hink in the bk = o difficalr. i can be made o rwn bakes,
cich hindiwad et e ke the shaft ard holied sogeher

Bitan; roaica reik girhak. Here the grives ior he perilulun
are flhed i the upper side of d ring deg. 1 kevrirgg ) while the under side



B gridrves A righramgbes o the upper s The keer grocaes [ on
inik igecting shai edges (hrs sirgs), each encheed berveen o
prires nf woad flsed 10 the whle With the sbemaikve hearing i Lige
Har wsher skl be weed with depresions m uke the sharp poins.

Fent arats shindl be as Sght & pmsible m ministlze Sophamer.
They dre edslly maale fom habawnod soips sodd by modebmaking
shinpe, wsdng haba cementand semch ape. Forr pendelums the am
it he frtened 10ohe shait vih pnched-off necdles, aed the pen
Jamirtsd imin 4 hode a1 the ather énd. For three pendulies the siie
piovess on thee armi shanidh] e raclivee s shof Armly bur o maightly ind
be held geaty with a thin nubber hand. Chre of the arres babds che: pen,
while thimther b held by pranding needies pashed in hackuands ind
secared (gentys o hoth endds by the nisher hands,

There ma wel b hetrer, e sophe ezl wis of duing dl rhis
Mlsuggestinns weboomed

An aditienal listieg b recedded o bk 2 eotany petdidun <o tha the
nsrurest can he wed with jud the wn sngleasts pendeduns. Ths
vt be doee try mouming ten hrackers an the wable ear the muary
peeadubing vt hiikes 1 13 a bng banzona bok jslghe wome sile)
wn which the shaft can he clmjied.

Fens should be Ao light aed feediming . Mosr semoners and
shirpe s ling draughismen's aed anists rateniak ofer § wmnen (s
Ball or thick fifsee pessy. For hem
msubs we-shiny @’ o mianon
A prapeer, uandisary cofty-paper for
prelimizary experimnts

H thee jpeess ks [T o the pugier an
ihe end there & wialy an usskghily
B, Ta aveddl nhis, maount 4 shon
filr on the hie with an aljesinhis
Iever carning 3 iece of thin dowd
plired under the pen wrm. By ok
g the ciwe] sy vhe pen bs lifed
off the paper withoun ogging i
This device shaull alsn be med
Bedore the pen b lnwered 10 the
pugrer. By waiching the pen voe cin
st il mers & heisg made, and
muige ir nne way or the other by
presaie o 1he pesdibiie.

Forraisnside the iove, sch
i el youl rigd neid o my amher
rarmonogriph sach 6 Giookds i
el pendubim jrjp)
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GLOSSARY OF MUSICAL TERMS

Accidestel - Ay idthe e symbiok {bh by, &, 1) vy
o rakee 4 pitch b e o s haldrnies, il wed o b
0 e i b

Al - 4 mpzmrdary i rchond e m 3 chin iy
H.l.wl.l.gmd.h.r 'i.u.ul'u.h'.lm,idtﬁ,llmc-rlﬂh

Amvpcriind - L pickag) i upben, provading § moricly armg
ibonrhea.

Apogplaterr - A e thal oo onasimng bex
aral then msbves 1o 3 cnanunce i chiod sone, b ey
st the copsnnance aned en reliesinm L

sgranesel . | 1 thescribe el or dond. athiraer
wli I'-:I.-:l.:l.x[ﬂfm nﬂmrﬂ.lﬂ.».bdluﬂ.ﬁrﬂ

Pecrescesty - A gracil dermeadieg in wshine and ineredy,
irabicarmd b o conevaming Rain i mis l oo,

Dlaatoerds - A i ¢ of seven diferent contgen
wires, with 3 pedfic rebinaship o whoke and hal e
o e o destrhe imugor 380 s Conrsed with
chenimaic. Mdescnhe mi do sdhesss o i sake

b P et « (el o0 dhescribee 0 el el o chond, &
sherdie-lowering of & perec nerval by e kalfore, ars
vud wih 3 moor id s divioked fidh

Do - e o Mo misct ik BE ages
irsuhuday, mint ofet soonds and sevenids, ad 1end
mequi wine Fomi ndireanl iioa m o somondnee

ulih chork, R Indkcies uh “wind mih 4 ikl Sk Dol - ﬂtunmlﬁihmmxm-:ralri:da

Blisaaey Fows - A basic B sarimare in skl fram, otz each
CITr kA S Ton EpETS

Caaleuce - A o or ysenbly of o aad thyhens that
st & e i chosre, [uaase, o firadey 1 2 masdcal
iR Or e

e~ L LRES I ML

Camblat -\ dksnunce Bl tha s o doule reghbour
o, efevsach; 3 1one snd s v aaking mines, shove
aral belew.

v - Thres: oor e fones snonding mgeer b an ie
peadens eniny. Toey are oden gpelad begely in think e
[y pore hang ariad

Clwomietiic - crkourtul, el wnindite avsc wing baifnes
srckdenias rihe e [ one collerton. cimeenal wik
iz

oI nvreba s placet] an che begenning ol de 2 thas idicns
witere piaches as: m be ploed on dhe Wes aad spaces of
thie taf, ihe thres: s hing e G cled, Foifed, aned ook,

G - The rebaive sty of 3 muscd inervl,
peaerdly am requineg senhuion, conrsied with
disonince. Mt nfien iciaves, &Bhs, funis, tinds, 3nd
saTHY

Coarnlerpalir - The dmularesy of sdeperdom b, which
are pnheieal hertnival il venially, adbering s
ks shoid eorsonmce anl desmanne, v Ao
VIZdIE

Crescesta - A graba isowesing invibume and meadsy, indi
il by s erancing hudmin i misic noiagon
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ey, ks a prowesil siaion of the scale, that nllen wggee
s 0an sespbatinn, back 1o the ionle. CHen i B e n
acudme

Branal - Misi that b primariy mekdic nd ythenic, Sckirg
vk moaeneal with ol sk e relieng s 1 o
o sl ot

[Epigrer - s e i this ook a misil miee or idea tha
brs st enoasgh paninabiey ol individealioyinconaingee 3
secrgaiohie shape snd idemiiy, nen kimonrg i 4 husk
ks ik afn entie compodion

EschappFe - Ecpe tone, 4 dssorarce na 3 weak pas of e
benm Ba1 & apsached by aep, ilkwed by 3 kap oo
CRATLNE I e Ay divcrio

Euertako - Toes shirve the tone sdl 101 il incnach

s ovenll pobmr Wit g i Susarion, dwns 1 %h
i or 15h Akoksoem & mson

R - & symabad el 1o indicate 2 biwering if a narond bene
R, Aboswsal i desribe & e tha B nned skl
ik pich

ot arvsbod inidyrorics s ol misko be plued
arogh’ of rudl, comreasd with plnn

[Fetentive. Aok bussd oonei ran inspoks Lirguingy, s
e F Y H.and TH

triakdle' Tomtee - Usaally the nd and 7 of 1 chond sy
i beading oo thn modmbo: the Feeand moti o 3
Samionk: g

Half St - e Hibore

Marmpetc Anoe - v of the dhree npes of minef soiks,



invachich et e dere b kwesed anal the e e degres
b roeet], wall ey vt b ol dhord o he maar. This
it hes 1 iniencl ofan st sevond betven the G
arid Tth

et - Face of the compeonem maes ol e oremnes
sesis, winich imhue the krves mae, the Andimenal with
i iar mkoar, each bery mshennoly rdanl m o
in whokeminbet ra, By 2 S0 grathioly incresdng |4

frequency. ey ariag indwind inan imeas o he plved
I 51 v i vl these snier Uupqer Kones

Rty - The el b ol venil arangemen of s
shensounding iogetber, B achon anlde vy et

chids redliie asdd e organired] shnig® ime
Jetus- & maric srent or amag hea, ohea a doanhea.
Triberval . T danee hetwern i pichis
Trnersbon - Witk reasdcal vk, o b o pertion of eking
thiz b nose s jacing ix 1he op, 4 Ind viedte
Trh Sl o by daha it =oon B buey, i indicis
rhia anoie e then me i o e chord Binde s

Ky - ookt of pliche thar reindioce e five 5 1800
There are 12 majr asl 12 min keys in Wesiem mig,
eart bl tysen e ol the 12 nowes, wath thargs and tlas
idend oy 10 presene ahok: s ol bl age.

Ky Xigwrture - e gobal seimaison indicorg which nos
e ke raked o bessd B s ponepnsiion o preseme and

e 3 jLamhcr soske, plaad an the beginning of gs1af
hefire the mater and iy the chel.

Lisadvng Fome - The severh scabe degre: ol ane scle, mace
rillea bl wa hatow dhe ionic

Lingaaty - & il iamuctiog i play che roms 18 6 comoped
arad st fashitn, wath sobreds i hanem

- I describvineg musicd! i, thi iscboaes the 2l

S, #ik, drad Tih e ke o rearally in the maje sk

in'dhorbing bods, aud hab miew  fuperc il

anal iz herween 2 mgjin thind placed showe die ron. (s
g with mirer Ak dearbes an iverall acle of ey
o, dwars rebotrng w0 e thid of the scake

Mevmure®ar - & par if nubical ime, ssgmeaied by the
mater, 8 which ore complete gouping & deimied. 1n
ML, 3 ML b wyrrmed by e citer ke

Medimar . Tiae thind szl thegroe of sy i

Meftomativ. vocd ot s scormoss plaches asignal
m one mlhle.

Mefoalle Wiwar - Cine: i the thiee minos, 18 this gale the

Ein arel Trhseade degrers as: whered m apper s they do

i the mnr aedie 1 helghien B upwan] movemem o Be
anic. [Hienadeseniag vendon dien ek 15 an rabered
versan i the rarand minos

rebady . The siotesinn of sones n fme, smeged i G
meanirgful panes, which cn be ol orving kgt

et A paem of rhetumk growpings ndiceed b o ioina,
i which the numerune indews e nnber of bers
per measdre, 18l die desominger idims the npe
sttt rereis the hed (e, s, sbaierdi
The minbsei fomis of weter are digle and ipie.

ipgyroer - e g ol e v s s muhor ine
uvll:.u‘:dl‘n‘:l'uhﬁtm rul'utp Inh..rrriu.r ahund
th b e o 1 perfes i, nd in Benween 3 mirar
thind, placed abiwe e i Ll.l'n.u.rd'nhrn.w ‘El.n
d:la'l'ﬁm-.'tﬂ'dy_lm'ﬁ-tﬁ.rw Wisem ul.hth:hn-

ufﬁimmbdummnmum.udndm

iraalal. Misdr thar uekies sabes raber thanmagar nd min
sich & Phisgan, Doin, Lyln, Ac. Geeq BT Ofea
sk e o sk dioes o modine

ibalibtn - A changing oof key of sk i owhich the nad
cerioer o, aadd the arcidenns squired fr one salé
are inmmiduced m aberdhe reviews one. Thiss mod ey
crareed bya 1 hermoake fommabi.

Netwral A il e anceds  shap, fl, bl sham
o douk: ey nrr-:-plrrh'gl-:-d'n.i'uu e o th
plarm

Nortwrrad B« The Seobian reade, this s the minar wie
withenal arw eteragie s ihor Tt sl degess.

Kodpbboarr Towe - A non-tuind ione tha ek dhove o hkow
a chond s & 2 emporry desmunie md demman,
sl i wed hea

Chotarhc - A cghtnale st B ofes referming 1
dimirkhel sedes

Cherione Serkes - A pminl ok [herosneaon pooming
whereve o vibraion of asiring o airdugh a plpesoors
Thee b iof t2e vibranion inerasdaghy subdasiks: vidding

viratis i (requeanes higher in sound than the Ligst
vitvatkoh, Theee wmirge igather i S abee,

comrancae the idenry of the sumil. s reqiomble
fiurthe wimes in quoken apase.

Pussbig Tauwe - A peemnskny wie beoven o chosd
e, 15y adkemance, noraming i g sk ber

Powtatomie -\ fve e s, mou chen refarming ot fist
v fiftas mhen ammanges! igeser, 12354, N the bk
O o 1 [

by



Pepflect . A nasdal e of on oo, 5, i.niuh:n'l.
ahich mss m:n:ni:kﬁth scoisr ireervik of
the ovence sefie

Faue - & wrded ismnain radcaieg misk o be plyel
Sl o quietly, Conicesad with fne.

Plogiees - M eplinke sunding consan in ke
bawguage olena B P, 10 G or )

Podyrlrpties . The dmuboreisuee of v forens dyhak
e i o diver iy relie o onc.asntber, daciled
"o hwthive.

Regider - A pectic reghn of e mse pich cnge o 0
Lasrumea). vrioe, of piete o s

Felryttvwr - The: rerngwn al amataeone . of merermend, guie ofica
[rossiag & ke

Roal. Theboyoromees pich ol mad o chiond stidh veps
e Tuntion o kdentiip iy the maien of o hamonic
[ropresion. T k dwirs decovenltle by amingiag the
i Inin chersety wined think,

.Ihuﬂﬂulj' .l.rri.bhémh mfu'mmﬂtul

the & Ak 1 shone, muscaed vesdon of the

Haloee - A bl s, the smallea insval in Wesem
e mde. Twodaent s ondhe plans, sty
sbiearhlack

e - L synlcd weed i indhcaie o ot ol 2 rannd by me
hafirne. Kby e ol 3 trne th & oned sighele
BhanE ik

JebuLas - & rypie of Acalk e poreonant in spikes lngoes o
higher frequiencies, ofien rewrrhling a Rksing sound, 2ith
wiad I

Soawtie - s el in this book, pecifcall & bmd prcedie
ultich proers Vo anicearg thene: hieaoond hisi s
& biey e than the i fofien the dovinare), kdoved
by 1 mindubarey nd ez develmprmens soim, nd Ben
reciziubelon in whids the ncthems s reencd gin
andl the semmnd tenie b resiored s the Wk ey,

Stinccako - & miskal mmanon il nos o be bl
in. 1 tkached Behing, ey morkesd by el o dboee
o bk hie e,

Subsdomtinarg - Tas bunh ke degree, 28 b hewori,
ard awhile acpbelis the o 1rofies s s
dheparmuime fvn e o Lral & [refLraiog ki de dondar.

Snbweiion . The sui sdeilepres ol ke, ashind kel
the onic

Subtaudc - Tar severeh scale deree of @y scde, most ofien
sinnke jore ekmw the sonk e Leading ne).

Faperivwic - The seronilscde degreefaay scale 1urqishne
thetm

Jouspeagiions - 4 thond in which e tund i el o an pended
from rescking @ the re of the R reniie, prepuad in
the proviraschonl. [nmandem misic, he axgersinn ek
B0 PIEUrLL I Fslanin

ot - ocal masic tha) has mly e pich ceskgmed 10 2
syilabl

Sowcapenikedt - A thyttimic pricedure by whick amag bess
e safied o wedt beans, emporsily oo ng (he s
of pulbe or rroter, The ise of smonpuson B one of de
strorgest idicmon of misal wyks anund e vord

Tewpo - T rite o8 read of 2 msiol pardonaee B
e,

Tessls A imatsical imansction indicaing ke it are o be
plaved in & suasned or evendal (hion, sl meksd
by e o il sbive i hedow e raie

Teruary - Anisiccd aninue nhie bim A2 shee the b
& gy 4 cmphae repeion of e fra

Tomal - Misk g the rrciple i maie-domian
i, preominandp rhe mugrond mine siens
prokal i Wi misk

Tewtfc - Thee inme o restiag pont of escake, heanmges pone
oo iyt which 3 nber e inche sl ebate, e et
st degrer:

Tiswtfctmntion - Ltempodey agpor o sad poining 10wl
cemerciberthn el H!H.Inlinﬂ_.'n:lirﬁbd.l‘l'm
oy cocuin a modbrdon

Traprposblbon - & o of the e of 1 compnadon o o8
drvam i ore ke ancther, white beeing the relaie
inEnas

Tinkaaal - A three-nove strurtare, aronged in (hisds, o ssaking
in e of tde i choad nppes auger, mina, dinnshed
o st

Tritone - & dhminished 58, or sogreenied ah made of i
whitle 100, o sin halimes, The ligest symmetrical
innerealin the Westem soake & diile B oeee pedacly
in il ool b s owmirwerdon. {fen wibeding dontingm
ek chionl jreresiad by the fnh il sevenh sk
degrees al & major scdef, i hus 3 posfil famend drive
arrad resolmon b ponrasion orequmine, nd kinfia
e Wberaning dome s anlooks the puode of inndin b
pusking aail e ivannd o of ane ey oo mcther.

ol Tome - Ako d whole s, comprisad of mio all sge
or hlfinees



SOLFEGE & MNEMONICS
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BASIC MUSICAL NOTATION

stff — the fatficr or matrix that holds
mdmhfﬁn

Tredle el - alio hmowen ws
mhmdgn{mm&n %

alio Enown as %
ﬂmﬁrmfm:furr %

s & il
Tewr Clef ﬂhhﬂﬁiﬁ
mﬂdﬁ:unsd%h clef
I e Syl

] Iil == 58 IHF E@q:*“”

‘termate — Waced over o note or ret, indhe
g o sy mowrsrly

i s o

Trill - IMLH:H'IEJI: OHEE &7
torice weidh ehe wotr abew or feloww

l.?h~rj'ﬁ1r.tnn!.s.uarm{h£-
Tectin

mﬂw —ﬁrﬂnﬂ; & drwewand bow
Martellato - (very marked) o stron

et or punchustion
Staccato ~ o brief, detuched articulation

Hibrwonic — indicatts gy overfome o fe

i e of e fundanes

Azowt/ Marraty — & gmeral demarcation,
ln‘mtrllﬂn

Tewits ~ an indication &0 maxiwize and
tomnert the dieration of the mote

Mmi HEs an aine or
Im.nin{?mw %
15ma/15mF — Hay nodey e octeves
wﬁuﬂhrﬁ;?mm %
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MUSICAL SCALES
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SELECTED RHYTHMS
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HARMONIES
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